Strains of scattering of near-field of a point source
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Three dimensional scattering of near-field is studied for dilatation and rotation in the time domain.
The perturbation method is applied to solve the equation of motion for the first order scattering
from a weak inhomogeneity in an otherwise homogeneous medium. The inhomogeneity is assumed
close enough to the point source so that the near-field intermediate wave is dominating over the
far-field spherical P and S pulses. The integral expressions are derived to relate dilatation and
rotation of scattering to the radial fluctuations of velocities and density in the inhomogeneity.
These integrals are solved to calculate the strains of scattering from (a part of) an inhomogeneous
spherical shell of arbitrary curvature. Variable curvature may allow the shape of inhomogeneity
volume element to change uniformly from spherical to rectangular. Rotation of scattering from a
spherical shell is independent of P wave velocity inhomogeneity. Dilatation of scattering does not
involve S wave velocity inhomogeneity but its gradient. The back scattering results are obtained
as a special case. Strains are computed numerically, for hypothetical models to study the effects of
various parameters viz., velocity inhomogeneity, distance of source from inhomogeneity and from
receiver, and thickness of inhomogeneity. The curvature of the spherical shell is varied to study the

effects of the shape of inhomogeneous volume element on scattering.

1. Introduction

One of the major goals of seismology is to develop
a constitutive law that characterises the material
response to an applied stress. Such a law would
help to discover the stress conditions on faults
before and during earthquakes. The detailed mea-
surements of temporal and spatial variations of
near-fault crustal deformations may explain the
material response to the stress changes there. Rou-
tine observations of tilt and strain around an active
fault is important for short-term earthquake pre-
diction. Rikitake (1981) asserts that ‘crustal defor-
mation may be the most useful phenomenon for
specific earthquake prediction’. The idea behind
this is that whatever the nature of the earthquake
preparatory process, it should be some type of
mechanical process which would have to be accom-
panied by crustal movements. Elastic wave scat-
tering could be an effective tool to monitor the

strain/stress changes at any fault in the earth’s
crust. The study of dynamism at such a fault
may help in improving the monitoring techniques,
being used presently. This requires an advancement
of scattering theory by incorporating the various
aspects of rock property distributions in the theo-
retical models.

The basis for any advanced scattering theory is
the elastic wave scattering by a single inclusion
in a homogeneous elastic medium. Korneev and
Johnson (1993) gave the compact solutions for sin-
gle scattering by spheres of arbitrary contrast and
tested them numerically. In a related work, Gritto
et al (1995) have tested the validity of the com-
monly used far-field approximation. The absence of
a magic method that can solve a difficult scatter-
ing problem, resulted in a good number of different
approaches. In the approach which best serves the
purpose (Leary 1995), the wave equation is writ-
ten in terms of a uniform average medium about

Keywords. Scattering; volume inhomogeneity; near-field; point source; strains.

Proc. Indian Acad. Sci. (Earth Planet. Sci.), 113, No. 2, June 2004, pp. 247-257

© Printed in India.

247



248

which the heterogeneities are local fluctuations. A
first order perturbation approximation is used to
express the coda wave-field in terms of scattering
by a primary wavelet interacting with hetero-
geneities (Aki and Richards 1980). Typical fluctua-
tion of around 5 per cent in crustal velocity (Leary
1990) favours the first order perturbation approach
in solving the elastic wave equation for a hetero-
geneous medium. Leary and Abercrombie (1994)
have shown that first order scattering alone can be
sufficient to model coda energy up to 20s. More-
over, if source and receiver could be placed near to
the inhomogeneity, the first order scattering may
represent the propagation regime more effectively.

The factors affecting the ground motion are
source effects, wave path effects and site response.
The complex effects of wave paths can be ignored
in the near-field studies. Hence, the data from near-
field offer better information on the parameters
of the source in a nearby fault zone. Precursory
phenomena of an expected earthquake are related
to near-source changes in shear and dilatational
strains within the fault zone and in the border-
ing region. The seismic data used in earthquake
engineering are collected in the near-field. The
stress related dynamism around an active fault is
also a near-field effect. Characterisation of frac-
tured heterogeneous reservoirs for oil-water substi-
tution events and for fluid transport phenomena is
another important field where near-field of source
cannot be neglected. However, the scattering stud-
ies available in the literature, viz., Sato (1984); Wu
and Aki (1985a,b, 1988); Wu (1989); Rose (1989);
Leary (1990, 1995); Gurevich et al (1992, 1998);
Sharma (2001), assume the point source to be
either a P wave source or an S wave source. Hence,
the primary waves radiating from the source carry
only the far-field response of a point source. Not a
single study could be found which studied the scat-
tering of the near-field of a point source.

The strainmeter is one of the basic instruments
used to measure the deformation of a small part
of the earth. Borehole strainmeters are commonly
used for earthquake prediction programs in some
regions of Japan. Keeping in mind the strainmeter
arrays installed along active faults, the study
of strains of near-field scattering may be useful
for simulation purposes. Moreover, the scattering
studies available in literature calculate the dis-
placement of scattered phases assuming that both
the source and receiver are far from the inho-
mogeneity. The author, here, solves the integral
expression for dilatation and rotation of scatter-
ing, for the near-field term of Green’s function
(Aki and Richards 1980) from an impulsive point
source. Receiver location is arbitrary. When the
point of source is near to the inhomogeneity, the
work presented represents the ever ignored part of
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scattering studies. For arbitrary position of source,
this study provides a correction supplement to the
conventional studies of scattering of far-field from
a point source.

2. First order scattering strains

A finite volume weak inhomogeneity is consid-
ered in an isotropic elastic homogeneous medium
of wave velocities a,,(, and density p,. Wave
velocities and density of this inhomogeneity are
defined as

P = Do+ 0p; (p =, 3, p), (1)

where dp (|0p| < |po|), denote the small pertur-
bations in velocities and density. The displace-
ment in the inhomogeneous medium is written as
u = u°® + Ju, which is a sum of ‘primary waves’ u°
and ‘scattered waves’ du. Inhomogeneity is weak so
that |du| < |u°|, and, hence, scattered waves obey
the wave equations for the unperturbed medium.

Following Aki and Richards (1980), dilatation
and rotation for the first order scattering of waves
from a small volume V' and recorded at r, are writ-
ten as

1 1
V-éu(r,t):4ﬂag/|r_q|V-Q

<(at- ", @

Q,

1 1
drp2 J |r—dq

V Adu(r,t) = VAQ

X (q,t — rgoq|> aviq). (3)

The body force Q, arises from the interaction
of inhomogeneity with the primary waves from
source. It vanishes outside the volume of inho-
mogeneity V. Following Sharma (2001), the Q is
expressed as
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Figure 1.

3. Geometry of the medium: (figure 1)

Consider a Cartesian co-ordinate system with
source placed at S < (S,,5,,95.). The unit vec-
tor n = (ng,n,,n.) defines the direction of the
force at S. An arbitrary location for receiver is
represented by R < (R, R,, R.). Hence, we have
r=(R,—S;,R,—S,,R.—S.). An arbitrary point
P < (P,, P, P,) in the inhomogeneity, is repre-
sented by the variable vector q = (P, — S,, P, —
Sy, P, —S.) from source. A spherical shell inhomo-
geneity of thickness A is centred at a point C' at a
distance ¢ from source S. Then C is represented by
c=(C,—S,,C,—S,,C.,—8S.). The source S is at a
radial distance of £ from the inner edge of shell. The
change in the value of ¢ changes the curvature of
the inhomogeneity and hence its shape with respect
to source. For greater values of ¢ the spherical shell
shapes into a rectangular volume element. Denote
¢ =|q—cl|. dV = ¢2d{dQ); d2 = dxd¢ represents
the solid angle subtended by the inhomogeneity at
C. ¢ will be varying from ¢+ & to ¢+ & + AE. For
a complete spherical shell, x(= cos#f) varies from
—1 to 1 and ¢ varies from 0 to 27.

In a spherical co-ordinate system centred at C'
with —c being its polar axis, the variable q =
(g,0,¢) is related to its Cartesian components by
¢ = (V1—x%cos¢, ¢ = (1 —x?sin¢g and

QZ:CX_C'

4. Strains of scattered near-field

The sources of small earthquakes and artificial
sources can be approximated as point sources.
Green’s function representation of radiation from a
point source is the basic technique used for simula-
tion studies. Green’s functions are convoluted with
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Geometry of the medium.

the source time function to calculate the ground
motion at a site. Studies available in the litera-
ture use impulsive point source as the generator of
either P waves or S waves, which represent only
the far-field of a point source. Heaviside time func-
tion term representing an intermediate wave and
more effective near the source is always ignored.

Faulting is considered to be the process of fail-
ure in shear. To understand the physical processes
actually occurring in the source region, one must
examine the way in which the material failure
nucleates and spreads. Information about a seis-
mic source is contained in seismic pulse shape also
called source time function. The source parame-
ters, slip, stress changes on the faults surface are
assumed to be similar to a step or Heaviside time
function. Nucleation of crack near an existing fault
starts with a slippage at the fault which is repre-
sented by a jump discontinuity rather than a sym-
metric impulsive form. All these factors compel us
not to abandon the part of point source radiation
represented by a Heaviside time function, i.e., near-
field term.

According to Aki and Richards (1980), at the
distance of (27)~' times of wavelength the near-
field and far-field of a point source radiation are
the same. This implies that when an inhomo-
geneity is near to the source (e.g., advancement
of oil-water barrier in a producing reservoir, flaw
detection through non-destructive testing, fluid-
transport imaging in fractured gas reservoirs) or
when to study the propagation of waves with large
wavelength (e.g., seismic waves) near-field cannot
be ignored. Not only does the data from the near-
field offer information on the source parameters
unattainable from far-field alone, but the wave
propagation studies of the near-field may provide
us with the ability of predicting the seismic motion
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due to an expected earthquake in a nearby fault
zone.

The source at S is an impulsive point unit force
in the direction n. The radially polarised near-field
from an impulsive point source, given by,

st o (-2) ()]
(5)

represents the displacement at a point q in the
near-field of source. Following Aki and Richards
(1980), it is the near-field part of the radiation
from an impulsive point unit force. The normal-
isation of equation (5) is the displacement 47u,
at a distance s, from the source and at time
t = s,/a,. The polarisation vector d is given
by: d; = (3v;y; — di5)n;, where, direction cosines
v; = ¢;/q;(j = x,y, z), control the angular depen-
dence of radiation.

The near-field motion, given by equation (5),
acts as primary wave which after interaction with
inhomogeneity generates a scattering source in
the form of body force Q. The scattered waves
from such a source have their strains defined by
the equations (2) and (3). These integral expres-
sions calculate the strains of scattered near-field,
to be recorded at a receiver at R. The velocity
and density perturbations, are represented by F'(=
9oy L G(= ‘;—f), and E(= i—f). These are assumed to

gé twice differentiable functions of ¢. Solving the
expressions (2) and (3), the dilatation (V -du) and
rotation (V A du) of scattering are obtained as fol-
lows:

V- du(r,t) = UOOKOSi/XfX(Q)qlgD(td)dV(q)v
(6)

- 1
V Adu(r,t) = u,a,s? / \I/fX(q)$R(t,)dV(q),
(7)
where, x; = @0, ¥, = §An, X(¢) = e ta =
t |1'—Q|’tr =t — \Y‘ﬂ—cﬂ .

D and R are given by
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Subscripts ‘¢’ to Y denote the derivatives of Y (¢, t)
with respect to ¢, evaluated at t = t;, (j = d,r)
where, Y(q,t) = t[H(t — L) - H(t — })]. H is
Heaviside unit step function. Primes to F,G and

E denote their derivatives with respect to g.

5. Spherical shell inhomogeneity

To solve the volume integrals in equations (6)—(7),
the inhomogeneity is assumed to be a spherical
shell of thickness A&, between two spheres having
the same centre at C. The approximate (d¢ ~ dq)
volume of the inhomogeneity is given by dV =
(® + ¢* — 2¢cqx.)dgdxde. x. is the cosine of angle
between q and c. Properties of § function help to
reduce the volume integral to an integral over solid
angle €2 of the inhomogeneity at C. The scattering
strains are, then, given by

v v
V- du= UOSiOZO/Xf [ ;(2]2171((12) - (;Zl Dy(q1)

q2
T / D2<q>dq] a9,
a1
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V Adu = u,s2a, / T, [U;?Rﬂ(h) - %Rl(%)
®
—i—/ Rg(q)dq} Q. (11)
@
Dy, and Ry, (k = 1,2) are expressed as
Dy(q) = Dia(q) — 2¢xeDii(q) + ¢*Dio(q),  (12)
Ri(q) = Ria(q) — 2cxcRia(q) + ¢ Rio(q),  (13)
where, if we define
o= | L x( @) (1)
o =| 7+ X B (15)
Qo = [rXr — tvev, + {r?(x> + 02 — 1) + 02¢*
— 2rx,vstv, } 2] /(1 — v?), (16)
Qoo = -5(r* — t07) / (rx» — tvs), (17)
X1 =—(q—rx)X ()%, (18)
Xo = —X(q)° +3(q — rx,)* X (q)", (19)
X3 =9(q —rxr)X(0)° = 15(q — rx,)* X (q)", (20)

then

q o) &
(21)
2
Di1(q) =4 <1X2 - = ) F— <ﬁ> 2éxcﬁ
q q @) q
2
RS ROFNE
q q @) q
(22)

2
Diolg) = 4 (13X - 2X> P (5“) Aye
q q

(23)

Din(g) = ~ta <§) D
GRS 1)

Dan(g) = ~ta (g) 2 {2 (G,, ) 2(;)
+ <E - (1]E> } X, (25)

o= () H (e )
() (26)

with Vg = O, Up = O‘o/ﬁoa d1 = Yoo and 42 = {o; and

12, 1 2 2
ng(Q):ﬁXG —2<X2+2X1—3X)G
q q q q
a,\” 2 1 7
(=) =XxE + <X + X> E,
<ﬂo> ¢ ¢

(27)
12 / 1 2
)\ 2 1 6
- <ﬁo> 2xE + <q2X1 T q3x> e,
(28)
12 / 1 2
Rlo(Q) = ?XG -2 (qBXQ — q4X1> G

2
«, 2 , 1 5 ,
B (ﬁ) aET <q3X1+q4X> B

(29)
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with vy = Bo, v = Bo/®, 1 = ¢ and g2 = Goo-
The values of ¢; and ¢, are restricted to satisfy
c+E<|gq—cl<c+EFAE (1=1,2).

The above expressions for R;; are independent
of function F(q) and its derivatives which indi-
cates the immunity of rotation to P wave veloc-
ity inhomogeneity. The role of 3 in D;; is repre-
sented by the derivatives of G(q). So, in the absence
of P wave velocity perturbation, the dilatation of
scattered near-field is controlled only by the deriv-
atives of G(g). Similar results are obtained by
Leary (1995) for the scattering of far-field shear
motion. D(q) and Ry(q) vanish when the pertur-
bation in rigidity (i.e., p3?) is of the form C;q¢*+Cy,
where, C'; and C5 are constants. The strains in
equations (10)—(11), then, reduce to the integrals
over solid angle only.

5.1 Special cases

e The back scattering expressions are obtained by
substituting » = 0 in the respective equations.
Thus, the back scattering strains are expressed
as follows.

Vaq2
32

></X,fdQ—2CD11(Q2)/XchdQ}

U1G1

V- ou = ups,a, [ {(Dlz(%) + ?Dio(g2))

{(D12(Q1) + Dio(qr))

O

X/deQ—QCDn(%)/XchdQ}

/q {D22(q) + *Dao(q) } dg

q1

q2
< [ —2 [ Do
q1

<[ xfxcdn} , (33)

v
V Adu = u,82a, [ ;ZQ {(R12(Q2) + ¢ Rio(g2))

X/\i/fdQ_QCRll(qQ)/\i/chdQ}

V1q1

{(Ruml) T PRula)

X /@fdQ—2CR11(ql)/\i/chdQ}
q2 ~
+/ {R22(Q)+02R20(Q)}dQ/‘PfdQ

q1

—2¢ / N Ry1(q)dg / \iffxcdﬂ} . (34)

q1

where,v1:|1 1‘1 2—’/3 1‘17(]0:
t’US/(l + Ur)aqoo = 5tvs7td =t - Q/aoa =
b= /B0 X =1/, X, = —1/¢% X, = 2/¢°, X5 =

—6/q*. Above integrals are simple to be solved
analytically for a given spherical shell inhomo-
geneity. The coefficients of F'(q) and G(g) in
Dy1(q) and Ry;(q), respectively, vanish. This
implies that the role of F'(¢) and G(q) (except its
derivatives) in scattering is independent of x..
This, further implies that direction of ¢ is not
important when S wave velocity inhomogeneity
is smooth.

¢ = 0 represents the situation when inhomogene-
ity is spherical around source. The expressions
for strains, then reduce to

V-du= uosiao/xf [Ugf D12(q2)

v

Olfh Dia(q1) / Do )dq] dsd,
(35)

Vag2

32 Ria(q2)

V Adu = u,soa, / 0, [

_ R12 (h / R22 dQ} ds.

(36)
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In this case, the strain expressions for back scat-
tering (r = ¢ = 0), further reduce to

V. v
V- 6u = u,s’a, [;?Du(%) - ;ngu((h)

q2
+/ DzQ(Q)dQ] /deQ,
q1

Vaq V14
V A du = u,s2a, [;22312@2) - %Rm((h)

q2 R
+/ R22(Q)dQ] /\I/fan
q1

e Smooth variations of density inhomogeneity (i.e,
E'(q) = 0) may be a little compromise but it
reduces the expressions of D;;, R;;; (i =1,2;j =
0,1,2), to a great extent.

(37)

(38)

6. Numerical results and discussion

The author regrets not finding a parallel study to
check the correctness of the expressions derived.
The effects of various parameters on the scatter-
ing may be computed numerically. Getting these
effects on expected lines, only, can assure the cor-
rectness of the results obtained. The purpose of
numerical computation of scattered strains, given
by integral expression (equations 10 and 11), may
be to explore their use in the simulation of the
records of near-fault observations. Non-availability
of relevant data for a physical model compelled us
to compute the strains for a hypothetical model.
Hypothetical model is constructed keeping in mind
the uniwell /crosswell survey for time-gap monitor-
ing of oil-water barrier approaching the production
well in a reservoir. It can, also, be a mathemati-
cal model for monitoring the dynamism around a
known active fault.

In the model considered, the density pertur-
bation is assumed constant, only to simplify the
computation. Perturbations in wave velocities are
defined by F(q) = G(q) = 0.1sin{.1(¢ — &)}. For
simplicity, in the spherical co-ordinate system cen-
tred at C, the source is placed along the polar
axis at a distance ¢ from C' and at radial distance
¢ from inner edge of the shell. Inhomogeneity is
a part of spherical shell (thickness A¢) with arc
length 8 m in the polar plane and arc length of
5m in the azimuthal plane. Polar axis is assumed
to be passing through the centre of the curved
face of the inhomogeneity. The polar angle sub-
tended by the inhomogeneity at C' is then approx-
imated as 8/(c+ £ + .5A&) and azimuthal angle is
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5/(c+ &+ 5AE). Direction of impulsive force n =
(1,1,1)/+/3. Receiver is located at distance r from

source in the direction (1, 1,0)/v/2. Wave velocities
are assumed as «, = 4km/sec; 3, = 2.5km/sec.
Integrals over dq and d) (= dxd¢), are computed
through summation method. To study the effects of
size and shape of inhomogeneity, its distance from
source and receiver, the strains are computed for
hypothetical models and are exhibited in figure 2
to figure 5.

Dilatation and rotation components are plotted,
in figure 2, for values of £ = 4,4.5,5m. A¢ =
4m,r = 6m, and ¢ = 10m. The strains decrease,
very rapidly, with the increase of £&. Even half a
meter increase in £ may reduce the scattering by
one half. Rate of decrease of dilatation and rota-
tion is almost similar. Time of travel also increases
with £, as expected.

The variations in scattering with the thickness
of shell are exhibited in figure 3, for values of
A¢ = 3,5,10m. Other parameters remain same
and & = 4m. The effect on dilatation is not signif-
icant and resultant rotation increases slightly with
the increase of thickness. However, in the model
considered the z-rotation is decreasing with the
increase of &.

Figure 4 presents the effect of source receiver dis-
tance on the strains for the values of r =0, 3,8 m.
To compare with the back scattering (r = 0)
case the receiver is placed on polar axis, i.e., © =
(0,0,—1). A¢ = 4m. The dilatation and rotation
decrease rapidly with the increase of r.

The variations of strains with the change in the
curvature of the inhomogeneous spherical shell, are
plotted in figure 5, for the values of ¢ = —1, 0, 2,20
on meter scale. The corresponding values of cur-
vature {= 1/(c+ &)} are 0.33,0.25,0.17,0.04 m™*,
when ¢ = 4m. # = (1,1,0)/v/2 and r = 6m. Both
dilatation and rotation decrease with decrease of
curvature. This decrease has larger rate for dilata-
tion as compared to rotation. The effect of cur-
vature change on scattering is not significant for
larger values of ¢ (e.g., ¢ > 10).

7. Conclusions

From the analytical expressions and special cases,
the following conclusions may be drawn:

(i) The rotation of scattering from a radial inho-
mogeneity, are independent of P wave velocity
inhomogeneity. This implies that any observed
effect of P wave velocity inhomogeneity on
scattered rotation must be due to the spherical
asymimetry.

(ii) The dilatation of scattering from a radial
inhomogeneity, does not depend upon S
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wave velocity inhomogeneity but its gradient.
Hence, the inhomogeneity with smooth pertur-
bation of shear wave velocity does not affect
the P motion in scattered near-field.
Combining conclusions (i) and (ii) implies
that, in the absence of P wave velocity pertur-
bation, the dilatation of scattered near-field is
controlled only by the derivatives of G(q).

No dilatation of scattering for incidence in the
direction normal to the direction of impul-
sive force (due to the presence of x; in equa-
tion (6)).

(v) The presence of ¥, in equation (7) means no
rotation of scattering for incidence along the
direction of impulsive force.

Direction of centre of curvature from source is
not important for back scattering when S wave
velocity inhomogeneity is smooth.

(vii) For back scattering from a complete spherical
shell or from an azimuthal ring, strains of scat-
tering vanishes when source is placed at the
centre of curvature (i.e., ¢ =r = 0).

The scattering of near-field does not depend
upon the differential of P wave velocity inho-
mogeneity.

(iii)

(iv)

(vi)

(viii)

The numerical results are obtained for a very
particular hypothetical model and hence may not
qualify for generalisation but these may provide
some useful information for simulation studies. The
few observations made out of the discussion of
these results are as follows:

e The strains decrease drastically with the increase
of distance of source from inhomogeneity.

e Both dilatation and rotation of near-field scat-
tering decrease rapidly with the increase of dis-
tance between source and receiver.

e Change of shape of inhomogeneity from spherical
to rectangular decreases the strains of near-field
scattering.

e As compared to rotation, the dilatation of near-
field scattering is more sensitive to the shape of
inhomogeneity.

This was an attempt to study the strains of
three dimensional scattering from a spherical inho-
mogeneity in time domain. The time domain
scenario always presents a more transparent pic-
ture of any process. A specific use of this study
may be in the numerical simulation of time-lapse
borehole seismic survey data aimed at monitor-
ing the oil-water interface in flow heterogeneous
reservoirs. Time lapse tracking of oil-water substi-
tution and monitoring reservoir stress conditions
help to yield spatially well-constrained reservoir
models. The simulation of ground motion time
series at a specific site due to an earthquake is the
best kind of information a seismologist can provide
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for engineering structural design (Yu 1994). Bore-
hole recording of ground motion is used to study
the subsidence of ground and non-linear behaviour
of soil (Iida 2000). Earthquake engineers may be
interested in the realistic ground tilt/subsidence
that are site specific. Hence, this study may be use-
ful in the predictive studies of seismic hazards due
to an impending earthquake in any region. FEngi-
neers working on the response of stressed materials
may also find some interest in this study. Check-
ing unwanted inhomogeneities and flaws through
the non-destructive testing of materials may be
another application of this study.
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