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Anisotropic wave propagation is studied in a fluid-saturated porous medium, using two differ-
ent approaches. One is the dynamic approach of Biot’s theories. The other approach known as
homogenisation theory, is based on the averaging process to derive macroscopic equations from
the microscopic equations of motion. The medium considered is a general anisotropic poroelastic
(APE) solid with a viscous fluid saturating its pores of anisotropic permeability. The wave propa-
gation phenomenon in a saturated porous medium is explained through two relations. One defines
modified Christoffel equations for the propagation of plane harmonic waves in the medium. The
other defines a matrix to relate the relative displacement of fluid particles to the displacement
of solid particles. The modified Christoffel equations are solved further to get a quartic equation
whose roots represent complex velocities of the four attenuating quasi-waves in the medium. These
complex velocities define the phase velocities of propagation and quality factors for attenuation
of all the quasi-waves propagating along a given phase direction in three-dimensional space. The
derivations in the mathematical models from different theories are compared in order to work out
the equivalence between them. The variations of phase velocities and attenuation factors with the
direction of phase propagation are computed, for a realistic numerical model. Differences between
the velocities and attenuations of quasi-waves from the two approaches are exhibited numerically.

1. Introduction

Wave velocities and attenuation are the two impor-
tant properties which provide information about
the saturation and structure of in situ rocks. It
is always important to obtain the relations which
relate the propagation properties of a rock to
its geophysical properties. The reservoir rocks in
the crust can, more closely, be modeled as fluid-
saturated porous solids pervaded by aligned cracks.
In the presence of aligned cracks, an elastic medium
behaves anisotropic to wave propagation (Hudson
1980, 1981). In general, the seismic anisotropy is
caused by the lithological and crystal alignments,
stress-induced effects, aligned cracks and fluid-
filled pores. In the absence of point symmetry in
pore distribution, the resulting anisotropy is of a
general type with arbitrary symmetry. To design

the experiments for reservoir characterisation (Car-
cione and Quiroga-Goode 1996; Rasolofosaon and
Zinszner 2002), a more realistic mathematical
model for wave propagation in poroelastic medium
is always required. Moreover, the existing theoreti-
cal models are not able to explain the seismic atten-
uation observed in the sedimentary regions (Pride
et al 2004).

The dynamic theory for wave propagation in
fluid-saturated porous media was developed by
Biot (1956). Biot used Lagrange’s equations to
derive a set of coupled differential equations that
govern the motions of solid and fluid phases. Biot
(1962a) extended the acoustic propagation theory
in the wider context of the mechanics of porous
media. Biot (1962b) developed the new features of
the extended theory in more detail. This theory is
obtained through a new and simplified derivation of
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the fundamental equations of poroelastic propaga-
tion. This also provides an exact procedure for the
evaluation of the dynamic properties of the fluid
motion relative to the solid. The Biot’s theory of
1956 and its refined version (Biot 1962a, b) pre-
dicted the existence of a highly attenuated second
compressional wave along with an expected one.
This second wave was verified experimentally by
Plona (1980). The agreements between experimen-
tal observations and Biot’s theories have also been
reported in Berryman (1980), Lakes et al (1983)
and Plona and Johnson (1984). Klimentos and
McCann (1988) studied the experimental observa-
tion of Biot’s slow wave in natural material. After
that, slow wave was detected in air-filled sandstone
(Nagy et al 1990) and unconsolidated sand (Boyle
and Chotiros 1992). Later, Kelder and Smeul-
ders (1997) observed this wave in water-saturated
Nivelsteiner sandstone. Gurevich et al (1999) is a
notable experimental study which confirms that
the Biot’s theory of poroelasticity is adequate to
describe the behaviour of porous materials at ultra-
sonic frequencies. On the other hand, some experi-
mental studies (Winkler 1985; Berryman and Wang
2001) faced disagreement with Biot’s theories. King
et al (2000) and King and Marsden (2002) stud-
ied the velocity dispersion in saturated sandstone
samples and discussed the deviations of experimen-
tal output from Biot’s theory. Such disagreements
led to the emergence of alternative approaches to
study elastodynamics in the porous solids. One
such approach is commonly being used to model
the transport processes in porous media. This
second approach is based on the homogenisation
methods which derive the macroscopic equations
by starting with the detailed microscale physical
description.

Auriault (1980) wused the homogenisation
method to develop a new model for elastodynam-
ics in saturated porous solids. This study is based
on the macroscopic behaviour of periodic elastic
structures embedded by the pores filled with a
Newtonian fluid. The pore size is assumed small
compared to the size of the macroscopic body.
Burridge and Keller (1981) used this two-scale
homogenisation approach to derive equations to
govern the behaviour of fluid-saturated porous
solids. For small viscosity of pore fluid, these equa-
tions derived from microstructure were reducible
to those of Biot. In this approach, the wave prop-
agation is represented by a pair of differential
equations (Auriault et al 1985) in terms of solid
displacement and fluid pressure, whereas Biot’s
equations were in terms of displacements of both
the solid and fluid phases. Homogenisation has
proven that Biot’s model is not the only mathe-
matical model for describing the acoustics of elastic
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porous media saturated by a viscous Newtonian
fluid (Auriault 1991). According to Auriault et al
(1985), Biot’s approach does not lead to numeri-
cal values for the effective coefficients involved in
the equations describing the macroscopic behav-
iour. The essential problem (Boutin et al 1987)
is with the values to be given to the viscous,
elastic and inertial coupling parameters used in
the theory. On the other hand, the homogenisa-
tion process enables the computation of all the
effective coeflicients used in its derivations. How-
ever, it is noted that the phenomenological (or
macroscopic) approach of Biot is preferred over
the homogenisation theory for some studies (Kay-
nia and Banerjee 1993; Chen 1994). Biot’s theory
may also be more suitable in the studies involving
the conditions on the fluid discharge out of the
surface of porous solid matrix. The wave prop-
agation studies across/along the porous—porous
interface or fluid—porous interface belong to this
category.

Recently, author Sharma (2004, 2005) used
Biot’s theories to study the wave propagation in
a general anisotropic porous solid with anisotropic
permeability controlling the flow of viscous fluid
in its pores. In another paper, author Sharma
(2006) studied the wave propagation in anisotropic
thermoelastic medium. This study shows that
the mathematical model of thermoelastic prop-
agation is equivalent to a simple mathemat-
ical model of poroelastic propagation derived
through the homogenisation approach. Thus, the
homogenisation model may be preferred to estab-
lish a correspondence between the characteristics
of poroelastic and thermoelastic propagation. This
implies that homogenisation model for poroelas-
tic propagation is as important as Biot’s model.
Equivalence between these models for isotropic
medium has been discussed earlier (Boutin et al
1987). But in anisotropic medium, the constitutive
equations of these models differ on the anisotropy
of inertial coupling between the constituents of
porous aggregates.

The work presented is a comparative study
that explores an equivalence between the mathe-
matical models of wave propagation derived from
Biot’s theories as well as homogenisation theory.
Each mathematical model consists of two systems,
one relating the displacements of fluid and solid
particles and the other is modified Christoffel equa-
tions for the medium. The corresponding deriva-
tions in these systems are compared in order to
establish the possible relations among the para-
meters of these theories. Relation is also obtained
between the dissipation parameters of the models.
The difference between the Christoffel equations
implies the different propagation characteristics.



Wave propagation in porous medium

A numerical example calculates the phase veloc-
ities and attenuations of all the four quasi-waves
in a reservoir rock, using the homogenisation the-
ory and the two theories of Biot. The comparative
variations of phase velocities and attenuation coef-
ficients with the phase direction are exhibited for
the numerical model.

2. Anisotropic poroelastic propagation
2.1 Biot (1962a, b) theory

Following Biot (1962a, b), a set of differential
equations governs the particle motion in a general
anisotropic porous solid frame saturated by a vis-
cous fluid in its pores of anisotropic permeability.
These equations, in the absence of body forces, are
given by

, . ,
CijkiUk,jl + MW ji = PU; + PFwW;,
MyjUkij + Rwy ax = ppiiy + gy + priwy, (1)

where c¢j;;, are elastic constants of the porous
aggregate. The coefficient R measures the pres-
sure required on the fluid to force a certain vol-
ume of it into the porous aggregate while the total
volume remains constant. The u; are the compo-
nents of the average displacements for the solid
and w; are the components of displacement of
fluid relative to the solid. Indices can take the
values 1, 2 and 3. Summation convention is valid
for repeated indices. The comma (,) before an
index represents partial space differentiation and
dot over a variable represents partial time deriv-
ative. The p and p; are the densities of porous
aggregate and pore fluid, respectively. The sym-
metric matrices M = {m,;} and q = {¢;;} of elas-
tic and inertial parameters, respectively control
the anisotropic coupling between fluid and solid
phases. Another tensor r;; steers the generalized
Darcy’s law for fluid—solid coupling and represents
the inverse of anisotropic permeability (x;;) ten-
sor. All these tensors are symmetric. Depending
upon frequency (w), viscosity (u) and permeability
tensor x (= XoXa), dissipation is represented by a
matrix

I -1
bl @

d=1

This expression of d is valid only in the low-
frequency range that ensures Poiseuille flow in
pores. For higher frequencies, a correction factor
(Biot 1956) is applied to the viscosity u, replacing
it by pF (k). The relevant asymptotic expressions
are the same as in Sharma (2005).
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To seek the harmonic solution of (1), for the
propagation of plane waves, write

(] =1, 2, 3)7
(.7 =1, 2, 3)7 (3)

where w is angular frequency and (pi, p2, p3)
is slowness vector. In terms of phase velocity v,
the slowness (p1, p2, p3) = N/v so that the row
matrix N = (ny, ng, nz) represents the direction
of phase propagation. Substituting (3) in (1),
yields a system of six homogeneous equations in
Sy, Sy, Ss, Fi, Fy, F3. Following Sharma (2005),
the modified Christoffel equations, for the propaga-
tion of harmonic waves in a general APE medium
are given by (for h = v?)

u; = S; exp {iw(prry —t)};
w; = Fjexp {iw(ppzr — 1)},

W;;S; =0, (i=1,2,3);
D3 D4
W =D,h+D, + + , (4
! 2 eoh + €1 h(eoh + el) ( )

where coeflicient matrices are

R
D, = —MN'N¥N'NM. (5)
P

The matrix Z" = {c;,n;m} and ey = psdy. The
symmetric matrix ¥ and other variables (i.e.,
do, e, and Xj) are the same as expressed in
Sharma (2005).

The two forms of displacements, i.e., (w) and
(u), are related by

1
'=——| —p;®h+ ®N'NM — R¥
eoh + €1 |: pf *
R /
+ L WN'NM]|. (6)
hpg

2.2 Biot (1956) theory

From the previous sub-section, it may be noted
that the modified Christoffel equations (4) and
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relation (6) between the displacements of con-
stituents explain the wave propagation in the
anisotropic porous material. Using Biot (1956) the-
ory, the matrix I relating the displacements u and
w is expressed as

f

= m |: — (601 + ,012@ — pgg‘bd)h

+ (®N'NM + R¥d — Rri,¥ — ¢,1)

_l’_

R
YN'NM |, 7
hpao } (7)

where ey = paady, M = {mij}7 h=v% 1= P12/
pas. The dy, e; and matrices ®, ¥ are
expressed as in the previous sub-section except
that the matrix Y used to define matrix ¥ is
I+d instead of Y = (1/p;)q+d. The dissipa-
tion matrix d = 2(b/wp,z). The definitions of var-
ious parameters/constants used are the same as in
Sharma (2004). The Christoffel equations, similar
to (4), are also obtained from Sharma (2004).

2.3 Homogenisation theory

Following Boutin et al (1987), the governing equa-
tions for anisotropic fluid-saturated porous media,
in the absence of body forces are

(Cijmury — i P) j = pii; + prOy;(ppwit; +w?P;),
_ 2
apuyk + BP = =0 (prwu;r — Pji),  (8)

where c¢;;; are elastic constants and a;; (= ;)
are effective stress coefficients. The [ represents
the compressibility of the aggregate. The p and
ps are the densities of porous aggregate and pore
fluid, respectively. The tensor ©; steers the gener-
alized Darcy’s law for fluid—solid coupling. Depend-
ing upon frequency (w), viscosity (u) and perme-
ability tensor (x = X,Xa), this matrix is expressed
as

0= <?w2pf1 + ZXiW{xa}*) ()

where I is identity matrix of third order, m is tortu-
osity coefficient and f is porosity. The equation (9)
is a macroscopic description and will not be valid
for large frequency (w). For high frequencies, the
asymptotic approximations are discussed in Auri-
ault et al (1985). In the equations of motion (8),
the u; are the components of the average displace-
ments for the solid and P is the fluid pressure in
pores. The definitions of dummy index, dot and
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comma notations for equations (1)—(2) are valid.
The system (8) is rewritten as

CijkiUk,j1 — aijP,j = PikUk,

Qjrtjp = —PP + 0P i, (10)
where p;; = pdy; + pjw?0y;, (i, j=1, 2, 3) and
Qij = oy + ppwOyy, (i, j =1, 2, 3).

This set of differential equations governs the
particle motion in a general anisotropic porous
solid frame saturated by a viscous fluid in its
pores of anisotropic permeability. The equations
(8) to (10) imply that, in homogenisation approach,
the anisotropic inertial coupling is hiding in the
tensor {p;;}. Another tensor of non-dimensional
stress coefficients &;; represents the elastic coupling
between the two constituents of porous aggregate.
These coefficients represent the effect of fluid pres-
sure on the motion of solid particles and vice-versa.
Whereas in Biot’s theories, elastic parameters m;;
are used to represent the elastic coupling through
dilatations. Thus, the representations of fluid—solid
coupling in homogenisation theory is different from
those used in the theories of Biot.

A harmonic solution for plane wave propagation
given by

(1 =12,3),

(11)

provides (Sharma 2006) the modified Christoffel
equations similar to equations (4) but with

P = P,exp{iw(prrr — 1)},

D,=—p. D=7+ %dN’Nd;
D, = —1/’;’2 4N'N4; D, = 0;
eo=0; e =vu?, (p=NON). (12)
The matrix Z = {¢;jun;n}. The expression
(Auriault et al 1985)
w; = Oy (pswu; — Pj), (13)

is used to relate the relative displacement of fluid
phase (w) and solid phase (u) by

w; = Fijuja (Z = 1>273)7
N'Na
I =uw’0 I-—— 14
? [pf ﬂh+ww2] -

3. Phase velocity and attenuation

For the mnon-trivial solution of the modified
Christoffel equations, the determinant of matrix W
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must vanish. This is solved into a biquadratic equa-
tion in h(= v?), given by

h4 — Clh3 + Cgh2 — C3h +cy = 0. (15)
The coefficients in this polynomial equation are
derived (Sharma 2005) from ey, e; and D;,
(=1, 2, 3, 4). These coefficients are com-
plex even for real N. This implies that four
roots of this equation may be complex. Let
h;, (j =1, 2, 3, 4), denote the four roots of this
equation. The complex phase velocities of the
quasi-waves, given by v;(= \/E) will be vary-
ing with the direction of phase propagation.
The complex velocity of a quasi-wave ‘j’, i.e.,
v; = Vg + wy, defines the phase propagation veloc-
ity V; = (v% + v?)/vr and attenuation quality fac-
tor Q;l = —2v;/vg for the corresponding wave.
Therefore, the four waves propagating in such a
medium are attenuating waves. The real N defines
the same direction for propagation vector and
attenuation wvector and hence, these waves are
homogeneous waves. Unlike the waves in isotropic
media, polarizations of these waves in anisotropic
media may not be along the dynamical axes
(i.e., axes of the orthogonal coordinate system
with one of them along the direction of propaga-
tion). Hence, these waves are called quasi-waves
(Crampin 1989). Analogous to the propagation
in an isotropic poroelastic medium, these waves
represented by j =1, 2, 3, 4 may be called the
qP1-, qP2-, q¢S1-, qS2-waves, respectively.

4. Comparison of the theories

From the previous sections, it may be noted
that the wave propagation phenomenon can be
explained through two systems of equations. One is
a system of three homogeneous (modified Christof-
fel) equations, given by (for h = v?)

D; D,
_I_
€0h+€1 h(€0h+€1)

(16)

The other is a relation between the solid displace-
ment (u) and relative fluid displacement (w), given
by

w; = I’ijuj,

(i=1,2,3). (17)

The expressions for the matrix I' and coefficients
D’s are different for all the theories. The compati-
bility among these expressions may define the con-
ditions for the equivalence of these theories. To
start with, a reduced and simple case may be more
suitable.
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4.1 Non-dissipative case

The interstitial fluid is assumed as a non-viscous
one, i.e., viscosity p=0. The whole system
becomes independent of frequency. For easy com-
parison, the inertial matrix q in Biot (1962a,
b) theory is assumed isotropic, i.e., q = gI. The
matrix I' in different theories is expressed as
follows.
Biot (1956) theory:

f

r=—~>
,022h—R

[—(p12 + paz)hI

+ N/NM + (1 + 7"12)RI - R?"lgNIN].
Biot (1962a, b) theory:

1

r —
qgh — R

X [—pth + N'NM + gpf(l — N’N)] .

Homogenisation theory:

_ /
(mpsBh — f)
XPWWJ+NNO+%G—NNﬂ.

The expressions of ' from the two theories of Biot
are compared to obtain

pas = qf? p1a = fps —aqf?

pu=p—2fps+qf*, R =f’R?,

M© = F(M® — fR®T), (18)
where the superscripts (1) and (2) correspond
to Biot theories of 1956 and 1962, respectively.
These relations are similar to those derived in
Biot (1962a). Similarly, the comparison of expres-
sions from Biot (1956) theory and homogenisation
theory results in

P22 = mfﬂﬁ P12 = (1 - m)fpﬁ
pllzp_(2_m)fpf7 R(l):%v
Mﬂhzgm—fn. (19)

These relations for isotropic medium have also
been obtained earlier (Boutin et al 1987). The I" of
homogenisation theory can also be obtained from
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that in Biot (1962a, b) theory. This is achieved with
the substitutions of

m M = 2.

1
q_Tpfa R_Ea ﬁ

The above equalities ensure that the relation
between the displacements of two constituents of
porous aggregate is the same in all the theories.

The propagation phenomenon in the medium
is, in fact, governed by the Christoffel equations
(WS =0). In this part of comparison, the coef-
ficient matrices W are obtained for the non-
dissipative porous medium. These are explained as
follows.

Biot (1956) theory:

(20)

W = ,022(7"%2 — Tll)Ih + (Z + X)

1
+ —— (MN'NM + RX),
,022h—R( )

X = 12 [R’f’lgN/N — (MN/N -+ NINM)]
Biot (1962a, b) theory:

W = <—p+ épi) Ih
+[Z+ f(MN'N + N'NM — fRN'N) + X]

1

+qh—R

(MN'NM + RX),

X = ’;—f [R%fN'N — (MN'N + N'NM)} :

Homogenisation theory:

1
W = <—p+ ipf> hI + <Z + X+ —aN’Na)
m g

/ '
+ —ﬁ(mpfﬁh s (aN'Na + X),
x -1 [iN'N — (aN'N + N'Na)} .
m |m

It is worked out that the equalities (18) to (20) are
not sufficient enough to make these expressions the
same. However, using (18), the matrix W for Biot
(1962a, b) theory can be obtained from that for
Biot (1956) theory but only with isotropic inertial
matrix q = ¢qI. Otherwise, each of the theories may
yield different characteristics of wave propagation
in saturated poroelastic medium.

It may be noted that the presence of the term
aN’'Na in the coefficient D, of homogenisation
theory makes its W dissimilar from those in Biot’s
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theories. So the three expressions of W cannot be
made the same unless some restrictions are applied
on matrix M = {m;;} of Biot’s theories and matrix
« of homogenisation theory. This implies that the
difference in these theories comes as expected, from
the elastic coupling between fluid and solid phases.
The implied result is that the Christoffel equa-
tions from homogenisation theory are not similar
to those from the Biot’s theories. Thus, despite
keeping similar relation between displacement of
solid and fluid phases, these theories yield differ-
ent solutions for phase velocities, attenuations and
displacements of particles.

4.2 Dissipative case

The comparison between the expressions of I' in
different theories is no longer important because
the characteristics of propagation are governed
by the Christoffel equations. The discussion in
the previous section may be generalized to con-
clude that Christoffel equations of these theories
may not be compatible in the presence of dissi-
pation. The coefficient Dy = 0 in the homogeni-
sation model implies that Biot’s theories provide
more general Christoffel equations for wave propa-
gation in poroelastic solids. The presence of dissi-
pation is represented by the dissipation matrices.
So, the relations among these matrices from differ-
ent theories hold the interest in this case. This is
explained as follows.

In Biot (1956) theory, a dissipation matrix d is
defined as

AV =i, ) A= (LT (2)

where w, is called characteristic frequency. The val-
ues of frequency w < w, ensures the Poiseuille flow
in pores and represent the low-frequency regime
of Biot’s theory. The other values of frequency
w > w, represent the high frequency regime of
Biot’s theory.

Using the above expression for A,, the dissipa-
tion matrix of Biot (1962a, b) theory is given by

d® =LA [y, (22)
Pr

so that d® =qd®/p; relates the dissipation
matrices from two theories of Biot. This relation
along with (18) ensures that the two theories of
Biot are the same except for the anisotropic iner-
tial coupling in Biot (1962a, b) theory. In the
homogenisation method, the dissipation matrix &
from Darcy’s law is expressed as

20 = — 1A, )

mpy (2)
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Variations of phase propagation velocities (Vj; j = 1,2,3,4) with the phase direction (6, ¢), in non-dissipative

anisotropic poroelastic medium (dolomite). H: homogenisation theory; B1: Biot (1956) theory; B2: Biot (1962a, b) theory

and angles are in degrees.

and expression w?© = —(f/mp;)(I+dW)~! re-
lates it to the dissipation in Biot (1956) theory.

In the dissipative porous media, the difference
between the Christoffel equations from the differ-
ent theories can be explained numerically by com-
puting their solutions to define phase velocities and
attenuations. The variations of phase velocities and
attenuations with the direction of propagation can
be compared for each of the four quasi-waves prop-
agating in the medium.

5. Numerical computation and discussion

The analytical expressions derived in the previous
sections represent a general mathematical model
for the wave propagation in a saturated poroelas-
tic solid. These expressions can be used to com-
pute the effects of elastic/hydraulic anisotropy of
porous aggregate, viscosity of interstitial fluid, and
porosity of solid, on the phase propagation (veloc-
ities, attenuations and particle motions). In the
present study, the main purpose is to compare
Biot’s theories and the homogenisation process
for wave propagation in poroelastic solids. Hence,
the numerical part is restricted to compute the
variations of velocities and attenuations of all

the four quasi-waves with the direction of phase
propagation. For a general direction, given by
(0, ¢), in three-dimensional space, the row matrix
N = (sinfcos ¢, sinfsing, cosh).

Analysis of phase velocities, and attenuations in
a real crystal may be a useful study. Elastic matrix
(GPa) for Dolomite, an anisotropic reservoir rock
(Rasolofosaon and Zinszner 2002), is written as:

c11 =65.53 10 =9.77 ¢35 =12.19
c14 = 01877 c15 = —0.817; c¢16 = 2.947;
Coo = D50.77 93 =11.61 oy = —0.092;
Cos = —0.507; 96 = —0.1925;
c33 = 60.11 ¢34 = —1.617; ¢35 =1.787;
cze = 0.8475;
Caq = 2351 45 = 14975 ¢y = —1.1773;

Css — 24.57 Cs6 — 02621,

Cep — 20.21.
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Variations of phase velocities (Vj; j = 1,2,3,4) of quasi-waves with the phase direction (6, ¢), in dissipative

dolomite. Low frequency: A, = 20; H: homogenisation theory; B: Biot (1962a, b) theory and angles are in degrees.

The symmetric tensor of anisotropic permeability
is given by,

Yo = {0.96, —0.08Z5, —0.06Z,; —0.08Z,0.72,
0.01Z,; —0.062,,0.012,,0.73}.

The values assumed for elastic coupling parame-
ters are a = 0.83M, where the anisotropy matrix
M, ={1, —0.1%,, 0.2Z;; —0.1Z,, 1.1, 0.15Z;

0.2Z;, 0.15Z;, 0.9}. The expression q = (mpys/f)
M, implies the same anisotropy for inertial cou-
pling matrix q of Biot (1962a, b) theory. The
above given set of numerical values defines the tri-
clinic system of anisotropy when Z; = Z, = 1. The
values Z; =0, Zy =1 represent the monoclinic
symmetry and the values Z; = Z5 = 0 represent
the orthorhombic symmetry. A porous aggregate of
density 2423 kg/m3 is containing a 23% pore space
filled with a fluid of density 980kg/ m®. The
assumed values of tortuosity m = 1.05 and aggre-
gate compressibility § = 0.105/GPa, with porosity
f =0.23 are used in relations (18)—(20) to get the
numerical values of parameters pi1, p12, P22, R, M
of Biot’s theories. The Poiseuille flow (w < w,)
in pores is ensured by the value of w/w, < 0.1.
This restricts the value of A, > 10(1 + r5) for low

frequency wave propagation regime of Biot (1956)
theory. The expressions of homogenisation theory
considered in the present study are not valid for
a larger frequency. However, the low frequency
regime of Biot’s theory contains much of the seis-
mic band of frequencies (say, 1Hz to 10kHz).
Hence, the numerical calculations are restricted
only to the Ilow-frequency regime of Biot’s
theory.

Using the above numerical values, the variations
of phase propagation velocities (V;), attenuation
quality factors (100/Q;) with the phase direction
are computed. The phase direction (0, ¢) varies
from (0, 0) to (90°, 90°). The variations are ex-
plained as follows.

Figure 1 exhibits the variations of velocities with
the phase direction in the anisotropic poroelas-
tic (APE) solid saturated with a non-viscous fluid
(A, =0). These plots may serve as a platform
to study the effects of fluid viscosity and solid
permeability on the wave propagation. The veloc-
ities of gPl-waves from Biot’s theories may be
2 to 5% lower than the velocities obtained by
the homogenisation approach. For the other three
waves, Biot (1956) theory and homogenisation the-
ory obtain nearly the same velocities. However, it is
not the case with Biot (1962a, b) theory and veloc-
ity of the slowest (¢S2) wave may be different, by
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respectively and angles are in degrees.

about 8%, from that obtained through homogeni-
sation. The velocities of other two (¢P2,¢S1) waves
obtained by using Biot (1962a, b) theory are large
up to 3%. It may be noted that, in this non-
dissipative medium, the two theories of Biot obtain
the same velocity only for fastest (¢P1) wave and
the velocity change is largest (up to 8%) for the
slowest (¢S2) wave. In the first column of the
figure, the elevations and depressions of phase-
velocity surfaces (from horizontal plane) measure
the extent of velocity anisotropy in the medium.
This anisotropy is quite significant but, nearly
same for the three faster waves. However, veloc-
ity anisotropy is very small in case of the slowest
wave. The anisotropic variations of the velocities
are quite different for velocities obtained with dif-
ferent approaches. The only exception is the qP1
wave where both the theories of Biot obtain nearly
similar velocity variations. Attenuation is not there
in this medium.

Medium of propagation, now, is anisotropic
poroelastic solid saturated by a viscous fluid. The
value of A, =20 is used to represent the low-
frequency regime of Biot’s theory. From the plots
of figure 1, it is noted that the velocities obtained
from Biot (1956) theory are quite different from the

those obtained with Biot (1962a, b) theory. The
reason being the differences in the inertial coupling
in two theories. But, in case of dissipative medium,
the viscous coupling dominates over the inertial
coupling and, hence, the two theories of Biot obtain
nearly the same velocities as well as attenuations
for all the four waves. Hence, the variations of
velocities and attenuations of the waves obtained
from Biot (1956) theory are not plotted in the
figures 2 and 3. Figure 2 contains the variations
of velocities of propagation (V;) with propagation
direction, for each of the quasi-waves. The corre-
sponding attenuations (100/Q);) for the waves are
plotted in figure 3.

Comparison of figures 1 and 2 indicates that
the presence of viscosity in the saturating fluid
decreases the velocities of quasi-waves. The effect
of the presence of viscosity is observed most on
qS2-wave, which is now propagating with only
30% of its velocity in figure 1. The difference in
the velocities of quasi-waves from Biot’s theories
and homogenisation is within 1% except the ¢P1-
wave. The velocity of this wave obtained from
Biot’s theory is up to 5% lesser than that obtained
through homogenisation. The velocity anisotropies
observed for three faster waves in figure 2 are of
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similar extent as in figure 1. In case of the slowest
(qS2) wave, the velocity anisotropy is much larger
in the dissipative medium.

The plots in the columns of figure 3 present the
attenuations of quasi-waves due to the introduction
of viscosity in the pore-fluid. The plots in the sec-
ond column show that Biot’s theory calculates up
to 10% less attenuation for gPl-waves. The gain
in attenuation (up to 6%) of ¢P2-wave from Biot’s
theory is at the cost of gS1-wave. Both the the-
ories calculate larger attenuations for ¢S2-waves.
However, the difference in these attenuations is less
than 1%.

6. Conclusions

The mathematical expressions and relations
derived in the text are general in nature whereas
the numerical results are obtained for a particular
model. So, a conclusion from the numerical part
may not be significant quantitatively but the dis-
cussion of numerical results/plots reflects the qual-
itative aspects of different theories used. Also, the
calculation of numerical results does certify the use
of analytical expressions for the simulation of real
data. Following are the few conclusions drawn from
the study.

e The two theories of Biot and homogenisation
theory for wave propagation in poroelastic solids
are represented by the modified Christoffel equa-
tions and a relation among the displacement of
two constituents of the porous aggregate.

e The three theories are represented by different
and theoretically incompatible derivations. The
differences may appear in the velocities, attenu-
ations and polarizations of the quasi-waves prop-
agating in the medium.

e Biot (1962a, b) theory, an advanced version
of Biot (1956) theory, affects the propagation
characteristics through the anisotropic inertial
coupling between solid and fluid motions. The
results are numerically different velocities, from
the two theories of Biot, for propagation in non-
dissipative porous solid. However, in dissipative
porous solid, due to the dominance of viscous
coupling over inertial coupling, the effect of iner-
tial coupling does not matter much. Hence, both
the theories of Biot obtain almost same values
for velocities as well as attenuations of all the
four quasi-waves.

e The numerical results from the chosen numerical
model suggest that in the absence of dissipation
the homogenisation approach is providing almost
the same output as that from Biot (1956) theory.

e The results from the numerical example may be
used to conclude that the differences in velocities
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from these theories are not very serious and
hence, can be ignored for practical purposes. The
difference in attenuations is a bit significant.

e The anisotropic variations of velocity and atten-
uation are found to be depending upon the
approach used. The differences in the numerical
results from different theoretical approaches can
be used to decide the application superiority of
one approach over the other.

e The presence of viscosity in the interstitial fluid
may slow down the wave propagation, in general.
The major effect of viscosity on velocity is borne
by the slowest (¢.52) wave.

This study considers the three-dimensional wave
propagation in a general anisotropic poroelastic
medium. This is a mathematical study with lit-
tle or no changes in a general physical model of
a wave propagation problem. The three different
descriptions are used to derive the mathematical
models for wave propagation in the poroelastic
medium. The purpose may be to analyze the role of
description chosen on the propagation characteris-
tics, quantitatively. Such an analysis may provide
some guidelines for researchers in the field to pre-
fer one description to the other. For example, the
little differences among the numerical results from
these descriptions may imply that a description
with a comparatively simple mathematical model
may be preferred over others. In other words,
the use of the analytically simple homogenisation
approach may not lead to much loss in compar-
ison with Biot’s theories for the wave propaga-
tion in saturated anisotropic porous solids. The
study may be extended further to discuss the prop-
agation of inhomogeneous waves in (visco) elastic
porous solids. The mathematical models derived
may become a part of the non-destructive test-
ing/evaluation studies to understand the mechani-
cal behaviour of composite materials (Braga 1990;
Buden and Datta 1990; Wu and Wu 2000). The
researchers in this field may find some interest
in this study. The analytic equations derived in
the work may be of some use for exploration or
prospecting seismologists.
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