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Abstract. Nonlinear electromagnetic wave propagation through cold collisionless plasma in (2+1)
dimensions is studied using the nonlinear reductive perturbation method. It is shown that to the lowest
order of perturbation, the system of equations can be reduced to modified Kadomtsev~Petviashvili
equation.
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1. Introduction

Anexciting and extremely active area of research investigation during the past twenty years
has been the study of solitons and the related issues of the construction of solutions to a
wide class of nonlinear equations. The concept of solitons has now become ubiquitous in
modern nonlinear science and indeed can be found in various branches of physics. Exciting
and important discoveries have been made in the nonlinear dynamics of dissipative and
conservative systems. There are different methods to study nonlinear systems.

The reductive perturbation method for the propagation of a slow modulation of a quasi-
monochromatic whistler wave in a cold plasma was first established by Taniuti and Washimi
[1]. This method was generalized to a wide class of nonlinear wave systems by Taniuti and
Yajima [2]. Kakutani and Ono [3], Kawahara and Taniuti [4] and Taniuti and Wei [5] have
investigated the propagation of hydromagnetic waves through a cold collision free plasma.
The reductive perturbation method has been recently applied to various other problems
[6-8]. '

In the present work, we have studied the propagation of electromagnetic waves through
a cold collisionless plasma by using the nonlinear reductive perturbation method in @+1)
dimensions. It is found that to the lowest order of perturbation, the system of equations can
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be reduced to modified Kadomtsev—Petviashvilli equation (mKP) [9]. When this prob-
lem is studied in (1+1) dimensions, one can arrive at modified Korteweg—deVries (mKdV)
equation [10-13].

2. Mathematical formulation of the problem

When electromagnetic waves pass through a medium the system gets perturbed. Since
electrons are lighter than ions, electrons respond much more rapidly to the fields and ion
motion can be neglected. In the equation for momentum of a cold plasma, pressure term is
absent. Basic equations relevant to the present problem are the following

op .

54*‘7 (p¥) =0, €))

o .. ., e |= TxB o

5{ ( V)’U - m + P ) ‘ (2)
. 10E - . )

VxB= E—é-t——l—llm, » 3
. 188

VxE = TR “)
L4

VB ="(p~po). )

For convenience we introduce a displacement vector field s [14], which describes the di-
rection and distance that the plasma has moved away from the equilibrium as:
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Now substituting (6) in (2) and(3) and sxmpllfymg we can write (2)and(3) in the form of
two coupled partial differential equations
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Substituting (10) and (4) in (7) we can write
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Equations (8) and (11) are a system of complicated nonlinear partial differential equations
and from these equations we can study the type of fluctuations that arise when an electro-
magnetic wave passes through the plasma. Here we consider an equilibrium state defined
by p = po, v = 0, E = 0 where the electron density p, the electron velocity v and the ion
density po are considered as constants. For convenience we put e = m = 1. Let us now
consider one dimensional plane wave propagating along the z-direction. All the physical
quantities are assumed to be functions of the space coordinates & and y and time ¢. We will
now introduce the stretching variables &, ¢ and T as

¢ = e(ax — Vi), (12)
¢ =e%, , : _ (13)
T = g%, : (14)

The expression for ¢ represents weak dependence of the field parameters on the coordinate
y. E and S satisfy the following boundary conditions,

EL -0, exceptthat E° — Eycos¢ ' (15)
E, —+0, exceptthat EJ ;> Eysing (16)
E =0 : | (17
asé = —o0,1=0,1,2,3,... - (18)
Si — 0, exceptthat S2 — Sycos¢ (19)
S; — 0, except that .5'8 — Spsin ¢ : 20)
St =0 ' 21
as — —o0, 1=0,1,2,3... (22)

By =0as ¢ — oo, where Sy, Eg and ¢ are positive constants.

For an appropriate choice of the coordinate system we can write Sg = (S04, 50,5, 0).
It may be rather difficult to solve the coupled equations with general geometrical consider-
ations. Therefore we restrict ourselves to the case in which we are considering the parallel
propagation of a wave along the magnetic field and in this case we choose B, = 0,B, =
constant. Let us seek a solution of (8) and (11) under the form of a Fourier expansion in
harmonics of the fundamental E™ ~ exp in(kz — wt)

+o0 ‘ ‘
E = Z E’\"ﬂuEm7 : : . (23)

n=-o00
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oo
S= > SE (24)

n=—00

Expressing the Fourier components of E and .S in powers of a small parameter £, we can
write:
oo oo
St="elSH(w,t), E"=) elBlx,t). (25)

Here we are considering the second order approximation of the field variables, that is,
we are neglecting terms which contains € and higher powers of €. Applying the boundary
conditions given by (14-22) and the expansions given by (23-24), (11) and (8) can be cast
in the following forms:
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Taking the leading order terms for the order (1,n) from both equations, we can write

the components of ST, as functions of Et ., we find a linear homogeneous system for

EY ., BT, and BT The determinant of this system, A(n) is

A(n) = n®w® [-n?y?w* + B2(k?/4)S2 + vpn? (1{2/2)(1+a)55

+y(K*/2)n*B(1 + o) S2] (28)

where

g =(1+ay), (29)
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Forn = 1, A(1) is zero if w satisfies the dispersion relation
—wt + (7K [4)SE + vB(R* [2)(L + @) S2 + B> (1 + a)S2 =0, (32)
where § = (.S',,;,SJ,S ) and E= (B, E y,L‘.) Writing v and 3 in terms of o, k, w, we

can obtain V = ey & We assume that S = s and EJ = s are constants and that

(l—i a
Sy =E}y=0 for n#0. , (33)

The assumed conditions at mﬂmty are, B, ST — 0 for j = 0 for all ‘n’ except for
(7,|n]) = (1,1), where the limit is assumed to be a finite constant. Forn = 1, A(1) = 0
for j = 1. Under this condition the system has a nontrivial solution, But forn = 2,3,4.
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An # 0, we have the trivial solution. Thatis for j = 1 andn = 1, we get E* = ST = 0.
Forn = 0, A(0) = 0, we can choose B{ = S¥ = 0. This completes the solution at order
(1,n).

For the next order, we can proceed in the same manner. The system will have a solution
only if the determinant of the augmented matrix is zero.

Now expanding the dependent variables as,

Sy = So + ElSi + 525_;2; + ... 34)
Sy = S)+e'Sy+e50 + ... (35)
S, =80 +e'St+e?52 + ... , (36)
B, = EC+e'EL+ B2 + ... (37
Ey = E)+c'E, +€°E) + ... (38)
E, = EY +e'B +*E2 + ... (39)

Substituting these expansions in (8) and (11) and then collecting and solving coefficients
of different orders of €/ for n = 1. We get

at order €°

SYE? ~ SIE) =0 (40)
SOES —SUE? =0 (41)
SOE) — SYE) =0 (42)
O?[ES + 89
O[F; + 5] 5o -]zo (43)
2 82 0 0
Ve (vEy + Sy) =0, (44)
at order gt
a50
(1+a)S2s; = 21/98—g (45)
0
(1+a)$08% = 21/2%% (46)
(By+53) =0 A (47
(By—aSy) =0 ’ (48)
(B —aSl) =0, (49)
at order g2
2 8‘5':1[, 4] 2 2 {t] 2 2
Vi 2= 1/2[SY(B? — aS?) — SUE; — aSy)] (50)
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Solving for By, S? and EZ, 52, from (54) and (55) we can get
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From (50) we know that
205,

,
21 B¢

Substituting for
(B} - aS}) and (E2? — aS?) (59)
in (58) we get '
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Introducing two new variables A and 6 defined by
SS = Acosf, S = Asin®, A= Spsing, § +0asé — —oco (61)

and substituting (61) in (45) we have
2V?% 00

151,]; = - e 62
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Now substituting the value of S and using the new variables, (60) can be written as,

9% a [t . o* It ot )
—u—az—-i = cosﬁg /_Oosmﬁcl«f—kacosé)g—g /_OO /mm sin 8(d¢)
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Differentiating (63) with respect to ¢ and simplifying we obtain,

89 80 , o [t
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Equation (64) can be infegrated with respect to f and simplified to give
(96’ 030 %0 1 96, 90
Putting f = g—z, the above equation becomes
9f 3 120 f a?' *f ¢ o
“ = d
= f waes =0 | 7% (66)
where f is a function of &, C and 7.
Differentiating (66) with respect to ¢ we obtain,
aof 2 Of f 9?0
5 bl T T “

This equation is the modified Kadomtsev—Petviashvili (nKP) equation. In steady propaga-
tion of the solution, this equation gives rise to a soliton solution. The steady state solution
of this equation can be obtained by using elliptic integrals. Thus we find

f = 6k?sech®kn
where n = £ + ¢ — A7, and k% = p(o + p), A is a constant. Since f = 0 is obtained

as 0 = j fdn - 0 increases from 0 to 27 or decreases from 0 to <27 dccmdmg ask >0

or k < 0 asn goes from —oo to +0c0. We can obtain explicit form of solutions for SS, S,
ES, B2, E; and S: Thus we can write,

Sy = Sosin ¢ cos(6k>/[1 — sech®kn]),
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59 = Spsin ¢sin(6k?4/[1 — sech?k)),
B = aSpsin ¢ cos(6k?1/[1 — sech®kn))),

Y
E? = aSysin ¢sin(6ky/[1 — (sech’kn)]),
. 6V k?sech’kn

° 1+ a)
o1 _ 6VEZsech’ky

¢ (1+a)

We have found that S, Ej, SJ and E) components give soliton solutions and S0
and EY components give kinks. We can see that the displacement vector field and the
electric field are spatially localized. The stability analysis of this solution using small k-
perturbation expansion method [15] has been studied and is left for future communication.

3. Conclusion

In this paper we have considered the propagation of an electromagnetic wave in a cold col-
lisionless plasma We have attempted to find what happens to the dynamics of the system
when the electromagnetic wave passes through the medium. We have studied the nature
of fluctuations due to the interaction of the electric field associated with the eletromagnetic
wave and the displacement vector field. A perturbation analysis is carried out to understand
the nature of fluctuations due to the interaction between the electric field and the displace-
ment vector field. The above fluctuations take place in the form of solitons and kinks,
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