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Noise reduction in chaotic time series data
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Abstract. With a prescription for an ‘effective noise’ in the given noisy chaotic time series and
searching out ‘similar’ strings of data, we give a simple method of ‘cleaning’ the data by an iterative
process converging with dec1ea§mg length of the string. This has been found efficient even 101 small
amount of data,
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1. Introduction

Even with the most sophisticated setup, noise is often encountered in time series data ob-
tained from the experiments. Even if the recordings of the observation are accurate, there
may be fluctuations due to the environment which are difficult to avoid. For example, the
readings of the luminosity of a variable star cannot exclude the stray lights from the atmo-
sphere or due to other objects. These fluctuations can be looked as noise, the remioval of
which may reveal a system with a few degrees of freedom. If the system under observation
1s in a steady state and the underlying dynamics is described by a low dimensional chaos,
then noise will obscure this simple behaviour particularly when some of its frequencies
coincide with those of the pure signal. This is a reason why for a noisy chaotic signal,
filtering of frequencies to clean the data is not recommended because it damps out some
parts of the signal. '

For a chaotic signal one needs to know the different characteristics of the system, like
the rate of divergence of nearby trajectories or the Lyapounov exponent, the embeddin gand
correlation dimensions of the invariant set to which the data belongs (attractors in case of
dissipative systems), etc., to get a preliminary idea of the system under observation. There
exists a number of methods to determine these characteristics. For example, the local diver-
gence plot of Gao and Zheng [1] produces efficiently the minimum embedding dimension
and the Ly'lpounov exponent from a time series data at equal intervals of time. The method
cvexrchslmmnshes the noise in the series. The divergence rate of nearby trajectories be-
comes different when the distances in phase space are of the order of noise level. If
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Vi = {4, ®it Ly - -+ it (me1)1.} (1)

are m-dimensional vectors constructed from the time series {z;} with a properly chosen
time delay L, the initial difference of vectors V; and V; with

Avy =| Vs = Vi |< e 2)
where ¢ is small, grows exponentially in & (k large) time steps as
Avg =| Vigg — Vigr | X Awg 3)

Therefore the slope of log(Awvy /Awvg) vs. k gives an estimate of the rate of divergence \. €
is small to ensure local linearity of the dynamics. But if it is of the order of noise, then the
description of the dynamics fails and the divergence plot shows a different rate of growth.
Above the noise level, the different curves follow an envelope both with the change of ¢
and the embedding dimension m of the vectors Vz This is illustrated in figure 1, where the
time series is obtained from a Henon mapping [2], polluted by a 1% Gaussian noise. When
¢ is less than 2% of the extent of the data, the divergence curve gets detached from the
envelope of curves obtained for different €’s above 2%. For 1% noise the m-dimensional
phase points within a radius of 21/m % become unreliable for the calculation of divergent
rates.
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Figure 1. Divergence plot log(Awvg/Awg) vs. k for Henon data, polluted by 1%
Gaussian noise () for different ranges of initial separation € = Awp, compared with
that for pure data (+). The range for the topmost curve is 0 < € < 1%, the next
1% < € < 2%, and so on, with that for the bottom most curve, 4% < ¢ < 5%. Also
shown the curve for pure data with € < 5% (0). Pure data normalised to [0, 1].
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Figure 2. Plot of N(e), the number of pairs of phase points vs. ¢, the cell size in
embedding dimensions 2 to 4 for the noisy data as in figure 1. The slopes above and
below the noise level meet at around € = 2%.

The correlation dimension is another popular measure to characterise chaotic data. The
number of pairs of points in the phase space, IV (€) in a cell of dimension e, is proportional
to €”, where v is the correlation dimension, estimated from the slope of log P(e) vs. e,
P(e) being the probability of observing a pair of phase points within a distance e:

v = tim 28209
e—0 loge

“D

There are standard methods [3] to determine this. The estimate of v is correct for € at
lower scales only, but with noise it becomes unreliable. The log IV (€) vs. log € plot (figure
2) becomes different at the noise level and the slope tends to the dimension of the phase
space, indicating that the distribution is homogeneous at these scales. One can just read out
thenoise level from this plot [4]. Kostelich and Yorke [5] point out that for a noise level of
1% in the time series it is impossible to determine the correlation dimension for distances
below 3% of the extent of data. We shall see later, that this characteristic can be used to
estimate what we term as the ‘effective noise’ present in the data.

Therefore it is neccessary that the data be processed such that the noise is reduced with
the nature of the signal being preserved as far as possible. Although the different methods
for noise reduction, as pointed out by Kostelich and Schreiber [6], are similar in nature still
one has to look for simpler and easy to implement methods and which are convergent. One
such method as proposed by Schreiber and Grassberger [7], which takes into account the
‘past’ and ‘future’ values from a point in the phase space is especially attractive due to its
simplicity and efficiency compared to other methods. In this paper we present a similar
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convergent process to clean the data once an ‘effective’ noise in the data is estimated. Our
method is comparable to that of Schreiber and Grassberger, but with input parameters that
can be determined from the given noisy serics. It gives a relatively good ‘cleanliness’,
especially for small volume of data.

In the following, in §2 we define ‘similar sequences’ that are parts of trajectories and
which will be required in the method of noise reduction described in §3. Section 4 presents
the results and also establishes the convergence of the procedure. A concluding summary
is given in §5.

2. Local divergence and similar sequences

The system under observation is supposed to follow the dynamics
V = F(V) (5)

where F is vectorial and V' = {x,y,2,...}, of which a particular component, say w, is
recorded at equal time intervals resulting in the series 27, o, 23, .... With a proper choice
of the phase space dimension 3/, the above dynamics can be described by a mapping in
M -dimension:

-

Verr = F(V2) | - | ©)

where V; is the sequence {@;— pry1, Ticprga, - - Tie1, x;} and also a part of the trajectory,
and denotes a vector embedded in M -dimension. Gao et al [1] determines the minimum
embedding dimension by constr ucting vectors with a time delay L, for which the compo-

nents are {’L7__(m__ VL Tie(m=2)L» - -+ Ti_ L, x;}, and cal(:uhtm0 the average divergence
rate, which does not change after a certain m.
For a deterministic system, the mmal condmon {:1:1 , T2, . 7: M} specifies the whole

of the trajectory as well as any V;, since both the past and futuxe are determined by the
dynamics. Therefore, the sequence V; can be termed as a signature of the trajectory. This
signature has a minimum length, in this case equal to M, the number of initial values. A
signature of length less than M will not produce the dynamics.

Alternative to eq. (2), the dynamics can also be represented by a. M -th order difference
mapping, where the trajectory is determined by the initial values {@1,20,.. L an )

Tip1 = [(ico M1, Tiobryo, ., ). . , (7N

The deviation Azg at a point x; in Ihe time series wxll in general result in a growth of
deviation at mLH,

Az =~ A Az, - ®

where A is the local rate of divergence depending on {a;_pr41, T M2y -+ -, % }. When
the dynamics is described in terms of past and future values, A dependson {z;—p, T py1,
1 Tiy+ oy ik D—1, i D }, Where D = M /2, since the trajectory is deterministic.
In an experiment, the time series polluted by noise will have distorted signatures, the
distortion increasing with the noise amplitude. The discussions following will be for a class
of noise, with zero mean and having equal probabilities of positive and negative values of
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noise (symmetric with respect to mean). It also belongs to the type ‘measurement’ noise
or fluctuations that do not affect the system. The common occurence in the laboratories is
that with a Gaussian distribution, but in our numerical calculations an illustration will also
be given for a flat distribution over twice the noise amplitude.

A distorted signature actually represents a bundle of trajectories denoting different
states of the system, in which one of them is a pure one. If the length of the signature
is increased then some of these trajectories will be rejected. The longer the length the more
closely we are able to identify the pure trajectory. The accuracy increases with the length
of the signature but suffers with increasing noise for a given length. In a noise reduction
scheme, it is therefore advantageous to use signatures of ‘similar strings’ (see below) with
their lengths as large as possible, but then their number will be limited by the amount of
data available. Use of"smaller signatures, which are less accurate, but more available, re-
quires a pre-processing. We shall see how this is taken into account in our noise reduction
scheme.

In a phase space of dimension m = 2k + 1 (say), if the system is chaotic, two nearby
points V; and Vj; seperate from each other in either or both of the *future’ or ‘past’ directions
according to the local rate of divergence. Therefore, if there are two strings of length £,
with their initial ends Awq apart, the other ends will diverge to a seperation of Azy,. Thus,
if two equal parts of a trajectory lie within some seperation, which we denote by ‘similar
sequences’, then it is most likely that the middle parts are close to each other, since towards
either or both of the ends the deviations increase. This holds true even if all the eigenvalues
(of seperation growth) are nearly equal to 1, in which case a longer part in the middle has
very little variation. An illustration in figure 3 shows that for equal length sequences of a
time series from a Henon mapping, within a given seperation, the middle of the sequences
are closer the longer similar sequences are.

Therefore, in a noisy time series, if different equal sequences of length 2k 4 1, with
components {T g, T—gt1,---,20,--->Tk—1, Tk }, searched from the data, lie within some
seperation from a reference string, which we need to modify, then the components z_,. to
x, where r depends on the length of the sequences, lie around the actual values of the pure
string, the extent of variation being the noise amplitude plus a quantity decreasing with the
length of the sequence (from eq. (8)). Averaging will reduce the variation due to noise, the
reduction being proportional to the number of sequences available.

3. Reconstruction from noisy data

To reconstruct the data, the standard practice [6] is to find a number of similar sequences
from the data, where by similarity is meant that that they lie within a seperation 4, de-
pending on the noise amplitude, and estimate the midcomponent by averaging or the least
square method. The result is again treated like a raw data and the process iterated, where
this time ¢ is taken as the root mean squared deviation of the modified series from the
previous series.

The above procedure has the disadvantage that after the very first iteration some ‘infor-
mation’ is lost, especially when the data is short-which gives rise to a distortion. Rather,
the original noisy time series is expected to have more information. Hence it is better that
comparison be made each time with the original time series. Further, averaging tends to
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Figure 3. Similar strings of data, of (a) length 15, from pure ({») Henon time series
(same as of figure 1) and that with 5% Gaussian noise (e), within a seperation of
d = 10% and (b) same as in (a) for string length 19. Note how the points in the middle
of pure data strings () are spread by noise (e).
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shift the results towards higher phase space densities because of overlap of phase points due
to noise. This effect is more prominent for low k values. Besides, although the standard
method is convergent, there is no reason to take the subsequent §’s as the root mean squared
deviation from the previous series, where instead it should depend on the noise in the
modified series.

The method we propose avoids these problems in an iterative process. The results of
successive iterations do not depend on the phase space densities. Instead of the processed
data from an iteration to be treated like raw data, we always compare the modified data
with the original noisy series and process further.

Before we start cleaning we estimate some of the parameters that will be required in
the process. These are
i) the seperation ¢ within which two strings of d’lt'l of equal lenOlh are called similar. This

can be determined from the divergence plot, where the divergence rate curve just seperates
from the envelope of correct curves. For 1% Gaussian noise, the error in the divergence
plot is seen as €, the maximum initial seperation of vectors | V- i | is less than 2%. Also,
from the correlation dimension plot we can prescribe a . At the noise level the correlation
dimension tends to m, the dimension of the phase space itself and the slope is a constant
for smaller values of €. Well above the noise level the curve shows the true correlation
dimension and is a straight line here also. The point where these two straight lines meet
gives a measure of the ‘effective noise’ amount which we prescribe for §. This is also seen
to be consistent as with that obtained from the divergence plot. For a Gaussian noise ¢ is
about twice the width of the distribution while for uniformly distributed noise it is almost
same as the amplitude. We have tested that a small error in the estimation does not change
the results for reconstruction significantly.
ii) the value of kyin up to which the iteration process will continue. From the two curves
we discussed above one can determine the minimum embedding dimension 3. Then

kmin = M/2. | )

The method we suggest does not depend on the time delay L. Although Takens’ theorem
[4,8] points out the importance of a time delay for the determination of the characteristics,
it turns out that for reconstruction it is the local rate of divergence and the similarity of the
sequences available in the data that helps in noise reduction.
Denoting the cleaned data from an iteration by the y’s and the original time series (raw

data) by x’s, we proceed as follows:
1) Initialise y with . Start with a high value of k so that there is very little modification after
the first iteration. In case of oversampled data, it is sufficient if the initial & > kuyin + 10.
it) From the sequences {Z ., T—j41, - - -, Th—1, Tk } in the raw data similar to {y_r, Y41,

- Yk—1, Yk}, replace the midstring {y—r, Y—r41, - - -, Yr—1,Yr }, Where 7 = integer (k/4),
by the mean of maximum and minimum of the variations. If say, zg is the pure datum cor-
responding to v, then the different xp’s available from the searched sequences are spread
around zo symmetrically.
iii) Calculate the root mean squared deviation Fy,, of the y’s from the 2’s:

Eyy = «/NZ — i) (10)

iv) If By, changes very little, decrease k by 1 until & = kyin, before going to step (ii).
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v) If the change in [7,, is small compared to that obtained by previous % or if forsome k
with converging E,,, the minimum number ny;, of similar sequences is at least a certain
preassigned value (say, nmin is 100), go to step (vi), otherwise step (ii).

vi) When £, converges, find the centroid with k = k;, and then k' = kpyin -1 (to remove
false points due to noise); i.e., from the sequences {T_g, T—gy1, ..., Tp_1, xy } in the raw
data similar t0 {y—r,Y—r41,- .-, Yk—1, Ys } replace the midstring {y_p, y—pp1, - o, Yre1s
‘y,-}, where r = integer (k/4), by the average of the variations of {Zry Ty, o Ty,

z,} (similar to the ‘constant fit’ method as in [6]). If the minimum number of matchmo
Strings mmin 18 hth one can also calculate the centroid at a higher .

Vi) If gy < Onoise and nmin > 1, where o is the standard deviation of the noise (§/2), re-
peat steps i) to vi) replacing @ by y and 6 by §//Tumin, because now the standard deviation
of the error is expected to be reduced by |/fimin.

- Due to the second step in the above procedure the points do not move towards higher
phase space densities. The retrieved data keeps on improving as compared with a known
case (a Set of noisy data from Henon mapping) to be presented below. -

As used by Schreiber and Grassberger [7], the ‘cleanliness’ of the processed data, of
size N, is usually expressed by the quantities 7o and rqy, defined below:

To = Emz/Eym L . (11)

where E, . and I, are the root mean squared deviations of thc noisy (z) and the cleaned
(y) data from the true values (2), viz.

Boe =15 2 (@i — 2)? - | (11a)
and
1 5 .
By = N (i _-Zi) . : (11b)
rayn = Bup/Byp 0 , ST : (12)

where Eq p and Ey are the estimates of the errors due to functional representations, viz.

1 R T, i o
Eq,f :\/NZ[.’UZ —f({l}i_l,flii_g,...)]d (123)

and

1 ; |
Eyy = \/N Z [Yi = F(Wi-1,Yi-2,.. )] , - (12b)

dyn can be calculated only if the evolution function f is known. We present these values
for the Henon mapping, given by

Tip1 = 1 — az;® + bxi_q : ©(13)

with @ = 1.4 and b = 0.3, which gives rise to an attractor.

Tables 1 and 2 show the continuous improvement of data with iterations and the conver-
gence with decreasing £ for two types of noise both with symmetric distribution. In table
3 we see how the ratios 7o and rqyn become better with the available number of data. This is
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Table 1. Results for Henon data, N = 64000 with 1% Gaussian noise.

Iterations &  7Nmin § By . Tdyn ro
1 9 1 0.02000 0.00148 1.0117  1.0108
10 8 { 0.02000 0.00248  1.0332  1.0304
20 6 1 0.02000 0.00525 1.1884  1.1722
30 5 1 0.02000 0.00741  1.5041  1.4510
40 4 I 0.02000 0.00872  2.2184  2.0355
50 1 2 0.02000 0.00918 32793 2.7384
51 I 28 0.02000 0.00960 6.8688  3.4241
52 2 14 0.02000 0.00987 9.2523 39815
1 9 1 0.00535 ~0.00988 9.2740 3.9936
2 9 1 0.00535 0.00988 9.2740  3.9931
3 8 1 0.00535  0.00989  9.3022  4.0050
4 7 1 0.00535 - 0.00991 93393  4.0209
5 7 1 0.00535  0.00991  9.3411  4.0212
6 6 1 0.00535 0.00993  9.3952  4.0555
7 6 l 0.00535  0.00994  9.4075  4.0565
8 5 1 0.00535 0.00997 9.5316  4.1066
9 5 1 0.00535  0.00997  9.5347 4.1118
10 4 1 0.00535  0.01001  9.7874  4.1718

Table 2. Results for Henon data, N = 16000 with 10% uniform noise,

(o = 0.058).
Iterations Kk Tmin § By Tdyn 70

1 10 1 0.11000  0.00461 1.0039 1.0030
11 9 1 0.11000  0.00820 1.0113 1.0093
18 8 1 0.11000  0.01537 1.0375 1.0330
25 7 1 0.11000  0.02948 1.1690 1.1439
32 6 1 0.11000  0.04662 1.7252 1.5248
39 5 1 0.11000 0.05465  3.1874 22119
44 4 5 0.11000 0.05760  7.4278 28715
47 3 16 0.11000 0.05777° 8.1396 29072
48 2 99 0.11000 0.05779  8.3464  2.9081
49 1 220 0.11000  0.05780  8.3687  2.9079
50 I 214 0.11000  0.05824  9.5793  2.8503
51 2 98 0.11000 0.05871 11.2091 2.8542

also evident from figure 4 for a series with 64000 data from the Henon mapping polluted by
1% Gaussian noise. The finer structures of the attractor are retrieved implying that for such
a noise this amount of data is sufficent for reconstruction. Because the mapping function is
known for this case it was possible to know 7qyn also. A comparison of the ratios obtained
by the standard [7] methods with that of the present shows that with half the amount of
data as in [7] (where in most cases k is not mentioned) the ratios obtained by this simple
method, are comparable to and sometimes better than those obtained with a least square fit.
It is therefore obvious that still better ratios could be dchieved by applying the least square
method as in [7]. In table 4 we present the results for a noisy Lorenz system [9] with its
data oversampled and input time delay L = 1. With oversampling there is definitely an
advantage in reconstruction. The convérgence was obtained earlier at £ = 3. In this-case
note that since the functional dependence of the future values is not known in terms of the
past and present we could calculate 7y only.
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Table 3. Results for different N’s for Henon data, with Gaussian noise.

Y%noise N k Tdyn 70 Tdyn [7] 7o (7]
5 500 1.7 1.4
5 500 2 2.52 1.71
5 1000 2.4 1.8
5 1000 2 3.79 1.88
5 20000 7.8 3.1
5 - 20000 2 10.19 2.67
5 10000 2 8.45 2.65
5 64000 9.9 33
5 64000 2 11.80 2.69
5 32000 2 10.63 2.70
| 20000 3.8 2.4
| 20000 2 6.14 3.12
I 10000 2 89 - 244
1 64000 6.4 3.0
1 64000 2 9.65* 3.55*
1 64000 3 8.77* 4,05*%
1 64000 2 9.79 4.17
1 32000 2 7.41 3.63

*with least square fit

Table 4. Results for oversampled Lorenz dzita, with 5% Gaussian noise
&= ~—J(y _:l")a y= 7’(7 _Z) -y, 2 =xy — bz,

o=10,b=8/3, 1

45.92, 6t =275, N = 32000, L = 1.

Iterations k Tomin J By 70

1 17 | 0.10000 0.01934 1.0689
14 16 1 0.10000 0.03420 1.2739
21 15 | 0.10000 0.03940 1.4294
28 14 | 0.10000 0.04356 1.6621
35 13 I 0.10000 0.04604 1.8793
40 12 | 0.10000 0.04760 2.0939
44 Il 1 0.10000 0.04808 2.2027
47 10 I 0.10000 0.04838 2.2672
49 9 1 0.10000 0.04847 2.2926
52 8 { 0.10000 0.04865 2.3521
54 7 | 0.10000 0.04874 2.3684
56 6 2 0.10000 0.04882 2.4005
57 5 28 0.10000 0.04883 2.4010
58 4 64 0.10000 0.04883 2.4040
59 3 120 0.10000 0.04884 2.4069
60 3 175 0.10000 0.05079 2.5258

Having reduced the noise we now see how the characteristics of the system are depen-
dent on the cleaned data. Figure 5 shows the divergence rate obtained from the cleaned
Henon data and figure 6 the correlation dimension plot. Although the tables presented
above show a reduction of noise by approximately 3 times (given by ry when compared
point to point), it is seen from the above figures that the effective reduction seems to be

more than indicated,
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Figure 4. (a) Henon data from z;41 = 1 — az;® + bxi—1 witha = 1.4 and b = 0.3,
(b) the same with 1% Gaussian noise (for comparison points with noise outside the
range [0,1] are not shown) and (¢) the reconstruction from 64000 data.
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5. Conclusions

We have prescribed a method of noise reduction in chaotic time series with input parameters
that can be determined from the data. Given the data we first sort out the parameters
needed as input for the method. First an effective noise is determined from the divergence
and correlation dimension plots. These also give an estimate of the minimum embedding
dimension. Then comparing similar strings of data, with the lengths (2k + 1) initially large
we modify the midportions of the strings and then repeat the process with convergence
at each k up to the length not less than the minimum embedding dimension as estimated
from the earlier plots. Finally we average at the next higher k, similar to the ‘constant fit’
method as applied by Schreiber et al [6]. The method is found to work well even for small
amount of data and also tested for two different types of symmetric noise distribution. It
is important to note that in each iteration the cleaned data is remodified by the original
raw data only. This has the advantage of improving the data in each iteration because the
original noisy set is expected to give ‘more correct information’.
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