PRAMANA {© [ndian Academy of Sciences Vol. 52, No. 3
— journal of March 1999
physics pp. 245-256

Fxact solutions of the field equations for Charap’s chiral
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Abstract.  The field equations for the chiral invariant model of pion dynamics developed by Charap
have been revisited. Two new types of solutions of these equations have been obtained. Each type
aliows infinite number of solutions. 1t has also been shown that the chiral invariant ficld equations
admit invariance for a transformation of the dependent variables.
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1. Introduction

Under tangential parametrization [ 1] the field equations for the chiral invariant model of
the pion dynamics take the form [2]

Cd¢ af
Oh = M i 1.1e
o= Ozt Oz (L
- 81,.’! @ﬁ
afy — wftY __ T
S Quit P (1.10)
L Oy ap
Ov = YL S ! B
X G (l.te)
where,
T =0 for p Ay
=1Tor p=v#4 (1.1d)
=1 for p=y=4d
A=M(f; +¢" +9° +x7) (I.1e)
F» = constant. : (1.11)
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Charap [2] obtained solutions for (1.1) under the assumption that ¢, and y are all func-
tions of {&; at + ko 4 ky® + ?::4:1:4) where k4 is any four vector. Ray [3] presented
two types of solutions for {1.1). For cbtaining the first type of solution Ray [3] used the
ansatz,

¢ = plu), = plu), x = x{u) (1.2)

This type of solution is a generalization of the solutions obtained by Charap mentioned
above and includes a soliton selution as a special case. For obtaining the second type of
sofutions, Ray [3] used the ansatz:

¢ = glat 2 2 - ah, {1.3a)
=t a? st — e, {1.3b)
x = y(zt, 2% 2 — 2%, (1.3c)

When (1.1} 1s reduced to

iy + daa = iy + Baha, (1.4a)
Pru -+ than = Sighy + Do, (1.4b)
i1 Xz = S+ faxe, (1.4c)
where,
B = n(f] +¢° + 97 + x7). (1.4d)
[ = constant, _ (1.4e}

where ¢y = 99 /82", b1 = FP/{(x)? ete.

Ray [3] obtained some particular solutions of (1.3) and {1.4). Chanda, De and Ray [4]
further generalized them considerably.

The equations of (1.4) are conformally invariant i.e. the form (1.4) remains invariant un-
der transformation (@', 2%} — (y, z) where y and z are two mutually conjugate solutions
of Laplace’s equations in % and x*. Hence from any solution of (1.4) one can imme-
diately generate infinitely many other soiutions of (1.4) simply by replacing {z*, 2} by
(y, z) where y and z are two mutually conjugate selations of Laplace’s equations. Owing
to the absence of z* and z* in {1.4) all the arbitrary constants of integration present in
the solutions obtained by Ray [3] and Chanda, De and Ray {4] are arbitrary functions of
(z* — 2*). In other words they obtained infinite number of solutions of (1.1} where the
dependence on x? and = appears in terms of {(® — 2} only.

In this paper we present two other types of exact solutions each allowing infinite number
ol solutions where (he dependence on @* and «* is more generalized than in the case
mentioned above.

Here it may be mentioned that another class of rather generalized seclutions for the
nonlinear sigma model of chiral theories has been found by Enikova, Karloukovoski and
Valchev {57 and more receatly been rediscovered by Anslem [6].

In this article we have also shown that the equations of (1.1} admitl invariance for a
transformation of the dependent variables.

246 Pramana - J. Pliys., Vol. 52, No. 3, March 1999



Pion dynamtics
2. Exact solutions (Class I)

The ansatz which has been used here is given by:

¢ = (r, o), b =v(r,0), x = x(r,5), (2.1ab,c)
where,

r=7(nt ), 0 = oz, 2h). (2.2a,b)

Using the procedure which is exactly similar to that followed by Chakraborty, Chanda
and Ray [7] and using relations (2.1 a, b, ¢) and (2.2 a,b) one can rewrite (1.1) as {Ap-
pendix A}

(hoy — Do By )R+ (dhss — 0585)8" =0, (2.3a)

(e — by By )R + (55 — 1953518 = 0, (2.3b)

(X = X B )R+ (a8 — x388)5" = 0, (2.3c)

A=In{f2+¢*+¢* +x7), fr= constant, (2.3d)
where 7y is given by

v = kax' + kan® + ki, (2.3e)

RN =k 4k, (2.36)

or

v = (;ki) In[(Bazt 4 ks)? + (kg™ + ks)?] + [(n kr )/ (2k4)) (2.38)

R o= 1 (2.3]
T |(kazt + ks)? 4 (kaw? + Eo)?) -

and 4 is given by

5-—1’\497 ~f*}a“]L + kg, ’ {2.31)
S = ki~ kg {2.3))

ar

[&]

! 5 2
§ = { — }hl[(k” o+ kg)? - (k,“ﬁ — E13)7]

(2F11)
(}11 k]y[) R
-+ {(21{:;_1) } ; (2.3k}
5= ! (2.3

Wﬂ tl w4 "'iii:z)g - (1’-71': at ~ k]:a)z}j

where ki, 1 = 1 to 13, are arbitrary constants,
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It may be noted that here S* % 0 and hence the solutions of (1.1} via (2.3) are not
particular solutions of (1,13 via (1.4). The equations {2.3) reduce to an interesting form
when R’ = constant and S” = constant. After a transformation {7y, 8) = (7', 4¢') where

7 =/ VE and §' = (5/\/? one gets from {2.,3)

g b Py = dho B0+ By By, (2.4a)
'{ib"f’"l” + ‘{‘!){)‘,-6; = ‘E,';)’)”;H’\{" -+ '(f;‘t;}’fgﬁp’ (2{.”))
Xty T Xars = Xy e Ber, (2.4c)
A=in(fl+ ¢+ + 3%, fr = constant, (2.4d)
where
¥ (hya' + kga® + k
. i 1}, (2.4¢)
Vi VRS 4R
- - hg? 4 kyoxt + ky
g o= et R + Ky) (2.4)

B “\ET - ks — ki)

The relations (2.4e.f) follow from the fact that for £/ = constant, 57 = constant, v and é are
given by (2.3e.f) and (2.31j) respectively.

That the equations (2.4} are consistent with the constraint /2’ = constant and S’ = con-
stant can be checked by putting in (1.1}

where v and 6" are given by (2.4e.H). This reduces (1.1) exactly to (1.4).
The set of equations (2.4) is conformally invariant, i.e., the form of these equations is
retained under any transformation

(v.d") = (f,0), (2.5)

where [ and g are functions of %' and & such that f.» = gy and f3 = —qq. i.e., f and ¢
are mutuaily conjugate solutions of the Laplace equation in +' and &,

Hence from any solation of (2.4) one can immediately generate infinitely many other
solutions of {2.4) simply by replacing (v',d") by (f,¢). It is further interesting to note
that equations of (2.4) are of the same form as cne of the two generalised Lund-Regge
equations [8], {97 namely (2.6b).

The generalized Lund—-Regge equations are;

By + Gan -~ 4g(0) + R{EY(A] + A3) =0, (2.60)

{/\\J exp {~ /p(ﬁ)df)}} + {/\3 exp {— / ;_n(())dH}J =0, (2.6b)
: 3 : 2

where
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g =0, 2%, A = At ")

With g = 0. the equations in (2.6} reduce to a conformally invariant set of equations, a
partictlar example of which is the physically interesting equations of two dimensional
Heisenberg ferromagnets [101, {111,

A direct expansion of (2.6b} leads to

Ay Aan = pl@)[AL8 + Aafa],

which is a generalised form of each of the equations in (2,4a,b,c).

Since (1.4) and (2.4) are exactly same in form one can use the solutions of (1.4) presented
by Ray [3] and Chanda, De and Ray [41 for obtaining the solutions for (2.4).

However, the following points should be kept in mind. First, the independent variables
for (1.4) are 22* and 2”, whereas the independent variables for (2.4) arc ~" and &', Second,
the arbitrary constants of integration in the solutions for (3.4) are functions of {z* — =*).
Bat for (2.4) they are pure constants. Third, for the solutions of (1.1} via the solutions of
(2.4) one has R’ = constant and 5’ = constant. Hence such solutions for (1.1) are found
not for all 211, 22, %, 2% but only on the two dimensional surfaces i’ = constant and 8=
constant.

3. Exact solutions (Class £)

Here we have sought a class of solutions by changing variables to functions of spacetime
coordinates which are restricted in the following way:

(zb, 2%, 2% 2y = (XY, Z, W) (3.1a)
such that

Xy =0, Xs =1 (3.1b)
and

Zy =Wy, 7y =Wy (3.1¢)
where

N = XY, Y=Y e {3.1d)

Z = 7 ), W= Wt e, (3.1e)

Some examples of X and ¥ satisfying (3.1b) are as follows:

X =z" YV =2, (3.2a)
N = () - ()Y = 2ty (@™, {3.2b)
Ko () = 30 ety = 3P () — (7). (3.2¢)

And, some examples of Z and 1 satsfying (3. (¢} are as follows:

Pramanc - . Phys., Vol. 52, No. 3, March 1999 249



Susanto Chakrabaorty and Pranab Krishna Chanda

Zo=at W =2t (3.2d)
7 = (sinaM){sina®), W = —{cosa?}{cosz") {3.2¢)
Z = (sinhz*)(sinh "), W = (cosh2® Heosh «*) (3.20)

As o conasequence of the transformation (3.1), (1.1) reduces to:

(fuy + by = Py By = by B )T - X5)

oy — Pww — o B, + ewBuw (75 — 27) =0, {3.32)
(hoy =1, — B — 1, BN+ X3)

{0 = o — 28, + 1 B )23 — Z5) = G, 3.3b)
(Xax %Xy = Xy f-& - x, O, J(XT + X3)

H(Xya — Xww — X2 P2 + Xo B )75 — Z3) =0, (3.3¢)
A m(f2+ 6" + 07 + ). (3.3d)

The first case of (3.3) is given by Zg — Zf = (} which has been considered by Ray [3] and
Chanda, De and Ray [4].

The second case of (3.3) is given by Z3 — Z7 # 0.

In the particular situation of this case given by ¢ = ¢(X, Z},

o= (X, 7, and y = (X, 2} (3.3) reduces to (2.3) (Appendix B).

Here we have considered another particular situation of this case which is given by the
simultaneous satislaction of the following sets of equations:

Gy by =0y fjx + ¢, 0, (3.4a)
e Fb ., = 0, +, 0, {3.40)
C Xax Ty = Xa B T Oy (3.4¢)
G n(f2 g7+ 47+ ¥, (3.4d)
and
By = Puw = 00, — by b, (3.5a)
'If’f}zz - {,ﬂu‘_”, = ‘/’).?:J z 'I/-‘H_, ABW (3.5b)
Nz = Xww = XaBy = Xow B (3.5¢)
A= n(f7 4+ ¢7 + 4% 4y, # = constant. (3.5d)

Now (3.4) and (3.5} remain invariant in form under the transformation

(X, Y, Z, W) = (XY, 20 W) (3.0a)
where

Nho= Vi X = YL {3.6b)

Bl =W, Zi = II/, (3.6c)

N = N Y = YIALYD, (3.6d)

Z=ZNZ W), W= W2, W), (3.6e)
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Examples of such X', ¥, Z', W’ are same in form to those given for X, ¥V, Z, W in (3.2).

Hence from any solution for (113 which simultaneously satisfics (3.4) and (3.5) one
can generate infinitely many other solutions of (1.1) simply replacing (X,Y, 2, W) by
(XY 20, W),

The equations (3.4) are of the same form as that of {1.4). And {3.5) reduces to (3.4) under
the transformation W — 21 and the replacement of (Z, W) by {X,Y). Thus if the set
of equations (3.5) is a set of coupled equations in two-dimensional spacetime continuum
where W is time like and Z is space like, then the set of equations (3.4) is its Buclidian
counterpart, where both X and Y7 are space like.

One simple way for obtairing solutions for (1.1) which satisty simultaneously (3.4) and
(3.3) is to follow the algorithm given below:

(1} Obtain any solution for (3.4) using the formalism of Ray [3] or Chanda, De and Ray
[4].

(?) Express the arbitrary constants in that solution as functions of Z and W such that
role of X and Z or ¥ and W remain symmetrical and the final solution satisfies (3.4)
and {3.5) simultaneously.

It may be checked that the existence of terms like X'Z, YW etc. are not permitted. (For
an example, see Appendix C).

We use in the following a particular situation of the solutions reported in case 1 of the
work of Chanda, Ray and De {4] for demonstrating the algorithm stated above.

Here the solution for (3.4) can be written as

¢ = fptan(2fx X — G), (3.7a)
th = fesec(2fr X — G)eos{AX 4+ BY + O}, (3.7b)
¥ = frsec(2f, X — @) sin{AX + BY + (), (3.7¢)
A% 4 BT =4S, (3.7d)

where 4, B, C, G are arbitrary constants; X, ¥ satisfy (3.1b), (3.1d), (3.6b) and (3.6d).
Now following the algorithm stated above one can write:

¢ = fztan[2f (X + Z)], (3.8a)
o = frscc|2f (X 4 Z)]cos(CX + DY + EZ + FW), (3.8h)
v = frsec2fn(X + Z2)]sin{CX + DY + EZ 4+ FW), (3.8¢)
C? 4 D* =4f2, B — F? = 4f2, (3.8d,e)

where X, Y, Z, W satisfy {3.1) and (3.6). The equations (3.8) identically satisty the equa-
tions (1.1}, That is, {3.8) represent an exact solution of (1.1) wheretrom we obtain infinitely
many other solutions with the use of (3.1} and (3.6).

Transformation of the dependent variables

The equation (1.1} admits an invariance under transformation of the dependent variables.
For example, they remain invaciant under the transformation:
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Y=+ DTS @+ 02 (3.9a)
v o= (@ 4 DTYEE @ 4 1)V (3.9h)
where & is an arbitrary constant, £ and A are functions of (!, 2%, 2®, ).

So, i one can get any set of solutions for the equations {1, 1), #t is easy to generate new
solutions with the help of the simple relations in (3.9) where ¥ and A may be treated as
the old solutions of 'y and + respectively. In this way we can generate infinite number of
solutions for {1.1}. Furthermore it may be noted that the equations (1.1) are symmetric in
¢, ¢r and . Hence at the time of generating new solutions, any two, out of @, 14 and *y can
be chosen. )

4. Supumary
(i) We have obtained two types of solutions of (1.1). Each type allows infinite number
of solutions.

(ii). The first type of solutions are represented by the selutions of (2.4). Form of the
equations (Z.4) remains, invariant under any transformation (2.5). Therefore the
equations (2.4} are conformally invariant and admit infinite number of solutions of
(1.1). However, the solutions are found here not for all {z*, 2?2, 21) but on two
specific surfaces.

(i1t} The second fype of solutions are represented by the solutions which satisty (3,4)
and (3.5) simultaneously. Form of the equations (3.4) and {3.5) remains invariant
under any transformation {3.6), Therefore (3.4) and (3.5) admit infinite number of
solutions. And here again we get infinite number of solutions of {1.1).

(iv) We have also shown that (1.1) admits invariance for a transformation of the depen-
dent variables. This again allows generation of infinite number of solutions,

Appendix A

From (Z.1a) and (2.2a), ¢ = ¢{7, o) which gives,
Py = prry and
D11 = DraT] F prT1r

Similarly, we have, ¢, ¢, dha, @y, dag and ¢y, Again, from {2.1b,c) and (2.2a,b) we have

similar equations as ¢@’s. Using these equations in (1.1a), keeping in mind the relations
(2.2a.b). we have,
(brr = ¢ 377 4 15+ (Do — o Bo )03 ~ )
ey {Tuy + Tou} o+ o (ogs —oq) =0 {Ala)

Similarly, we have from (1. 1b),
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(W”TT - "!’rﬁr)(ﬂz + Tﬁz) + (oo — Qr‘f)u‘ﬁo)(gg - 0-::)
i (my 4 1) + b (o33 — ous) =0, (Alh)
and from equation {1.1¢),

(xrr — Xo B+ 72 F (ow = Xolo)0F — 1)
+x, (11 + T2n) + Xolozz — 0as) = 0. (Alc)

Eliminating (o33 — 044) and (0 — o) from (Ala,b,c) one arrives at (g +moe) /{72 4+73)
= a function of ¢, ¢, X, ¢r, ¢ Wy, o, Xr: Xas Prr Do Yrry Wo,ar Xrr: Xoo- LHS of
above equation is a Function of #1 and £%. Hence, RHS will also be function of &' and
z2. But on the RHS z' and z” do not appear in the explicit form, rather as a function of
r{z*, x?) only.
Thus we may write,
(T11 -+ m2)

oo~z = an arbitrary function of 7 = P(r) (say). (A2}
(¢ +75)

Following the same procedure, Le. eliminating {713 + 52) and (7§ + 73} from (Ala,b.c)
one gets,
(o33 — 0'44)

A3 T 2 o an arbitrary function of o = Q{o) (say). (AZ)
2]
(05 ~ 1)

Putting (A2) and {A3) in {Ala) one can write,

($rr — prfor + Pby) {08 —03) (A4)

((/75—5‘ — ¢e s + Q(;f)g) B (Tf + sz) |
Now both the LHS and the RHS of (A4) are functions of ', z%, 2%, 2% But on the
LHS #!, 2%, 2% and 2 do not appear in explicit form, rather as function of r(zt, 2%} and
o(z?,z*) only.
Thus we may write,

(03 — o3)
(r +75)

= an arbitrary function of + and 0. (AS)

The numerator of the LHS of (A5) is a function of z°, #* only which must appear in terms
of o. Similarly the denominator of the LHS of (AS)is a function of #, 2?2 only which
must appear in terms of 7.

Hence,

(7} + 73} = R{r) and (o] — o3) = S(o). (Aba,b)

Here R(7) is an arbitrary function of 0. Then equations {Alab,c)reduce to

(rr = P fr + P )R A+ (o5 = Qo + Qo) S =0, (ATa)
(rr — tpBr -+ Py )R+ (50 — o ids + QiPs)S =10, {ATB)
{Xrr — xrfr + Px; )R+ (Xoo — Xolo + @xs)5 =1, {ATc)
exp() = f2+ ¢ + 9" + X7, (AT
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where 7 and ¢ are given by (A2), (A3), (A6a,b).
Now (A2}, (A3), (A6a,b) can be rewritten as

Y11+ e =0,
’T'f + P},Zz - B:IJ
dyg — dag = 0,

] 2 e
oy —8; =8

=[fo fro e
= [{ool- o)}
= fom |2 pear] L,
S = {e}{p [m?/@(:ﬂda} } S(o).

where

(ASa)
(A8b)
(ASc)
(A8}

{A8e)

{A8Y)

(A8g)

{A8h)

By virtue of (A8e) and (A8f) one can consider B’ and S as functions of v and § respec-

tively.

The sofutions for (A8a) and (A8D) are given by (2.3e, f,g,b}. And the solutions for (A8c)
and (ABd} are given by (2.3i,i.k.]). The procedare for obtaining (2.3¢) to (2.3) is exactly
same as that given in the Appendix B of the work of Chakraborty ef al [7]. Hence the

related calculations have been omitted in this paper.

Finally, without any less of generality one can transform {r,0) to {,0) and (A7) leads

to (2.3).

Appendix B

With

b= (X, 72},
=X, Z),
x = x{X, 7),

one obtains from (3.2} the following equation:

(bxx — dxBx)(XP + X3 + ¢zz — dafn) (2 — 22 =0,
(hxx =y Bx) (AT + X3) + gz — Pufz) (22— Z3 =0,
(oxx = xxAx)(XF + X2) + xzz ~ x282)(72 — 22) =0,

B=m{f2+ ¢+ +x7).

From (B2a) one gets,
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loxx —oxfBx) (2870

- ) - - 83)
(bzz — dziiz) (X7 + X (
Now both the LHS and the RHS of (B3) are functions of &', 2%, 2% and 2%, But on the

2

LHS 2', 22, 2% and z* do not appear in explicit form, rather as function of X {z', 2*) and
Z{x®, %) only.
Thus we may write
Zi - 7} . - -

(%7—2)— = an arbitrary function of X" and Z. (B4)
(X7 +X35)

Now, the numerator of the LHS of (B4) is a function of &* and z* only which must appear

in terms of Z. Similarly the denominator of the LHS (B4) is a function of 2! and z* only,

which must appear in terms of X

Hence,
X2 4 X7 = anarbitrary function of X = R"(X), (say), {B5a;
Zi — Z; = an arbitrary function of Z = §"(Z), (say). (B5b)
Putting (B3) in (B2) one can write
(pxx — dxBxIR"(X} + (¢zz — $202)5"(Z) =0, (Boa)
(Pxx —xBx)R(X) + (hzz —¥zPz)S"(Z) =0, (B6b)
(xxx — xxBx)RN(X) + {xzz — x2082)5"(Z) = 0, (B6e)
B =1n{f2 + ¢* + 4% + x?), fr = constant. (B6d)
with,
N+ N =0, (Boe)
N2+ XE= RN, (B6f)
gz = gy = 0, (Bog)
73— 77 =58"(Z). (B6h)

The equations (Boe,f,g,h) are exactly same as (A8a.b.c,d). Only the notations are different.
Hence {B6}) as a whole are exactly same as (2.3).

Appendix C

Instead of (3.8) let us write

b= frtan2f (X + Z2)],
W= frsec2fp (X + Z)]cos(AZX + BWY + CX + DY + EZ + FW),
¥ = fr50c[2fn (X 4+ Z)sin{AZX + BWY + CX + DY + BEZ + FW),

This when put in {1.1) leads to
(AZ 4+ CY + (BW + DY = 4f7,
(AX + E)? —(BY + I")?* =412,

which is not permitted.
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