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Kolmogorov’s existence theorem for Markov processes in C* algebras
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Abstract. Given a family of transition probability functions between measure spaces and an
initial distribution Kolmogorov’s existence theorem associates a unique Markov process on
the product space. Here a canonical non-commutative analogue of this result is established
for families of completely positive maps between C* algebras satisfying the Chapman-
Kolmogorov equations. This could be the starting point for a theory of quantum Markov
processes.
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1. Introduction

Let (X,,#)), i=0, 1,2,..; be Polish measurable spaces and let P(x;,dx,, ) be a
transition probability from (X,, #,) to (X, ,,#,.,) for each i. Given a probability
measure p on (X,, %) it follows from Kolmogorov’s extension theorem that there

exists a unique probability measure P, on the infinite product space (4 #) = RX,F)
' , i=0

such that, for every finite n, its projection or marginal distribution P} in XX, F))
i=0

is given by ,
PU(Ey x Ey X -+ X E)=

I p(dx,) Py (%o, d%, )P, (x,,d%,) -+ P, (x, _,dx,) (L.1)
E xE x:-xE .

for all E,e#,,i=0,1,2,...,n The probability space (Q, #, P,) describes the Markov

process with initial distribution u and transition probability P;(',) for transition from

a state at time i to a new state at time i + 1. This can be described in a * algebraic

language as follows. Denote by &, the commutative * algebra of all complex valued

bounded measurable functions on (X;, #,). Introduce the positive unital operator
T@,i+1): ;. >, by :

(TG,i+ 1)g)(x;) = '[g(xi+1)Pi(xi» dx;4 ).
For any i <k define T(, k). Ay~ s by

TG, k)= { identity if i=k,

TGi+ 1) T(+1,i+2)Tk—1,k if i<k
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