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RESEARCH NOTES.

MATHEMATICAL AND PHYSICAL
SCIENCES.

N ew Foundations of Projective and Affine
G eometry.—Karl Menger (Annals of Math., 37,
No. 2, 456-482) has given a very systematic
Toundation of projective and affine geometry by
means of two operators. 1t is of complete logical
character—except for the independence of the
axiom-systems which is not gone into by him in
the present paper. The essential differences
between his new treatment and the usual treat-
ments are the following : (1) all the entities that
are introduced belong to one class contrasting
with the theory of Hilbert ; (2) He does not derive
new entities from the entities alteady defined—in
contrast with the treatment of Veblen and Young
given in their classical treatise. Itis very interest-
ing to note that the difference between projective
and affine geometry w.rif. their axiom-systems
is brought out very clearly in this new foundation.
The idea of dimension appears later.

Menger introduces two operations and a class of
entities—A.Band A + B. [A.B = corresponds to
the highest dimensional part which is part of
A and B—A + B = the least dimensional part

which contains A and B.] The following 4
postulates constitute those of projective
geometry: (1) The operations are associative.

(2) The space (i.e., the totality of entities) con-
tains a class V and another class U satisfyving
the relations V+ A = A, and U.A = A, (8)
A - (A 4+ BJ.C = A + (A + O.B and
A (AB +0) =A(AC+ B). This postulate—
which contains the commutativity of the opera-
tions appears to be the most charcteristic of the
system. Partof it is satisfied by the entities of
affine geometry also. This gives us a clear insight
into the difference between the two geometries.
(4) [A << BmeansBcontains A]l. ITAS B C,
there is a B suchthat B + B = C, and B.B = A.
T rom these various theorems are derived such as
1t he following —The operations are commutative—
"I'he relations A +B =3B and AB =4A are
cqguivalent. The point-concept is introduced. [P is
defined to be a pointif it has no part other than it-
self and the zero-element V] and various theorems
concerning the relationship of the entities with
points are derived, eg., if A <B<A 4P,
then A =B etc.

It is to be noted that with the interchange
of + and ., Vand U, and the interchange of

c comtbtains’ and ‘is contained in’, the axiom-system
does not change. [The dual of a point is a hyper-
plane defined by means of U.] Hence the corres-
ponding dual theorems also are true. Next he
rives the common set of axioms of projective and
alfine geometry. They consist of the axioms (1),
(2) and (1) and three others which are deductions

of postulate (3). They are (@) The two operations

are commmutative, (b) The operations are absorbent.

i.c., A + AB=A=A.(A+B)-this is equi-

ralent to theequality of A - B=B and AB = A,
(¢) XIf P is apoint and P A + B, then A.B =
(A + ). B. With the exclusion of (¢) every one of

+he axioms is self-du:'a,l. The dual of (¢) is the

following (¢’). If H is a hyper-plane and H 3>

A.B, then A+ B =AH +B. ltis easily seen

that (c’) is satisfled in projective geometry and

not in affine geometry. (¢’) can be broken into
two parts ¢; and ¢,, the former alone being valid
in an affine space (¢;). If H }» A.B and A.H=EV,
then A + B =AH + B. () If H 2 AB and
AH=V, then A+ B=AH 4+ B. We c¢an

also divide (¢) into two corresponding parts

both being valid in both geometries.

The notion of independece of points is intro-
duced—i.e., Py, P...... P, are independent if
Pe(Py oo+ Phoy +Ppyy + ....Py)=Vioralll
He proves the fundamental theorem that if A is
the sum of a finite number of points then it is also
the sum of a finite number of independent points.
This paves the way for the introduction of dimen-
sion of an entity A = ¥ (A) as the number of
independent points (assumed to be finite) consti-
tuting A. [Similarly the dual w (4)isintroduced.
The dimension of A, viz., dim A is defined to be
it (A) —1.] The properties of ' (A) in projec-
tive and affine systems are naturally different.
In order to make the class, one of finite dimensions,
he introduces another axiom—i.e.. that each
strictly monotonic sequence of entities is finite,
With projective axiom-system the {ollowing
known properties of dimension are derived (1)
dim V= -1, (2)dim A =1 4 Max. dim A’ forall
A'<<A, (3) dmA 4+ dimB = dim A.B 4 dim
(A 4 B). Next the deductions of axioms of
alignment and extension of Veblen and Young
are derived. [i.e., -the inter-relations between
line and points.] An entity A istermed degenerate
if there is a line L. < A, containing exactly two
points and non-degenerate otherwise with the
introduction of this concept the following funda-
mental theorem is of interest.—A finite projective
space is the sum of a finite number of Maximal-
non-degenerate elements (for details refer to the
paper).

Next he comes to an affiine-space. The
equivalent of Euclid’s parallel postulate is the
following:—

It P, Q, R, are three points, no one of which is
part of the sum of the two others, then there exists
exactly one entity L, suchthat R <L <P+Q+R
and L(P + Q) =YV,

Lastly it is interesting to note that the opera-

tions are not distributive. [The distributive
property was already shown to be equivalent
to the unigueness of the inverse-operations by
Schroder-proofs by Huntingdon—7Trans. Am.
Math. Soc., 1904, p. 288.] The only results in
this direction which can be derived from the
four postulates are the following :—

(1) A(B+C) > AB. 4+ AC and A + B.C.
SA+B) A +0). .
K. V. L
* % *

On Some Extremal Properties of Polyno-
mials.—J. Gerominus (Annals of Math., 37, No. 2,
482-517) has investigated the problem of the

B .
extreme values of w(P) = ' a,4,, s < n, for
0

all polynomials P(r) = A, o +.... A, subject
to one of the following conditions: I. L(P) =
+1

[ 2@ |

-1

+1
dz=1.11. [|P(2)| dz=1. III same
-~1
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as IT with the additional restriction that
P(x) is monotonic in the infterval. Particular
cases of this problem were solved earlier by
Korkine, Zolotareff, Fujiwara and Bernstein.

n .
Incases [5], the extremum is reduced to
-l

that or the qolution of a secular equation of
degree < (s 41

First of all it is "shown that in case of the exbtre-
mum P(x) should have all its roots 7‘;1, a5 N
(ascending order of may.) between 0 and 1 'l‘he
problem is transformed by writing

_sin [(k4 1)0]
B sin p=

arc cos v. Teh w(P) = X b; B;, where the B, scan
be expressed linearly in terms of the «’s. The
relation between them is best expressed in terms

Px) “ZBIU}LI( 7), Uplr)

of two auxiliary polynommk ¢(r) and z/; whose
roots are M1, Nz, P55 -+« +» 06, and Na, Ny .. .., e0C
mspeftlvely i.e., II 7 is odd then
Log 42227 Y3z +1/2)]

2 gLz + 1/z)]

]. ) b[ 1
=7 ‘ZO‘Zn—H-l T 7o+ )
and a suitably altered expression in case n is even,
. w(P) n

where A= I(P) In case s < <3 Bty =Dspy =o+n

bﬂ— 0 and the previous relations are consider-
ably sxmphﬁed Next he shows that

¢ [F] + vty [ B = # ate

where ¢(z) is a polynomial of degree $ with real

1
iy ] With this analysis the

coellicients. v = l:
problem is reduced to that of finding these coelfici-

n .
ents.  In the case whens 5. this involves the
92

solving of a secular equation. Ile also derives a
number of results concerning the roots of extremum
polynomials. Various particular cases and the
asymptotic nature of the extremum in parmcular
cases are determined. The following are interest-
ing examples,
+ 1
If _/. B(J U/L ) + B1 U}/ L(L) B;;UQ Id.‘b‘

=1,

+1
2) It f | () |

L2722 [ag |+ |2+ a,?] "f] the polynomial
for which the e\{tremum is attained being
k2U () +2k Uy ()=Tps () where

@2 -, 2]} s A
ik:l“oH[“o by ® | and—i——} k

0y =
If/lp

then B <3, ¢« <

d.l‘ == 1, then J ay Ag + al “‘\1!

0 o

)| dz = 1,then | Ay | < 271,
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[Aq] <284 [n -1+ (02 — 2n + 5)3]1,
| Ay | <275 [n—2 + /(0?2 — 4n + 8)].
[Exact constants.]

In the general case when n is odd the extremum
is the root of largest modulus of the equation
(in ).

0o 0y .-
(51 oz..

Oy = O,
Oy

OyOy4re«« Oy
where

1
V';gzm:‘{ exp [ Z n—/v+1}

+__— + a; +o

It is easy to tlansfo:tm II to I by introducing
suitable multlples of Az In the case of IIl he

has shown that P(z) should be of the form

X

_/ (1 —2)% (14 )R U2 (x) d, where a, ﬁ =0, 1.

-1

n

Putting u(s) = 2 a; Pyei(v). n=2zm + o +f +1
0

where the P's are the normalised Jacobi poly-

nomials for the Kern (1 — x)@ ( - )!‘3 Hederives
7

IL(P) = Y a2 andw(P) :22 a; a4 Bjz where
Q0 o 0

o _ =D '__1>a NBpo
Bip = omi f(l x (1 + m> Pe-i( )
r
s Oy d.’V

X P!l—-/{i(r) 2 (n___r OH—F ';

where |7 is a contour enclosing the segment

( =1, 4+ 1). Then the extrermum is found to
the 1oot of quoea‘m modulus of the equation in A

Byo —A’ Big, .- Bs o | =
Bl.Bll—AJ""BX—I, 1

By,s 0 0 - A
Various particular formule also ave evaluated.
KV.IL
* * *

Discovery of a New Element.—The element
whose atomic numberis 87 and which should be
one of the alkalis had eluded the search of
numerous investigators tillto-day. Now I1. Hulabei
has found evidence indicating its presence in a
caesium mineral (Compies Rendus, 1936, 202, p.
1927). He made a systematic examination of
the X-ray spectra produced by a number of
minerals containing mixtures of the alkali ele-
ments. A Cauchois type of X-ray spectrograph
was used giving a dispersion of 5 X.U. per mm.
The K-lines were not made the basis of investiga-
tion since the IK-lines of the elements neighbour-
ing the one sought for are not well known. The
approximate position of the characteristic X-rays






