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'FACTORIAL designs have now come to be
extensively used for testing in a single
experiment the effect of a number of inter-
acting s:ts of factors. When, however, the
number of sets of factors and/or the number
of levels of each set of factors is large, there
result a great number of treatment combi-
nations.
tion necessitates the use of large quantities of
experimental material, the availability of which
may be beyond the resources of the experi-
menter. - It, therefore, becomes necessary to
resort to the device of fractional replication
which enables a factorial experiment to be
carried out with only a fraction of the experi-
mental units required for a complete replica-
tion. The basic principles of this theory have
been developed in a recent paper by Finney,
whe has, however, restricted himself to facto-
rial arrangements p™, where p is a prime num-
ber. 1t is the purpose of this note to show
that, with the help of the geometrical theory of
confounding given earlier by Bose and Kishen,*
Finney’s theory can be easily extended to the
general symmetrical factorial arrangement s",
where s =", p being a prime positive integer
and n any positive integer. )
~ Bose . and Kishen? have, by representing
a treatment. combination in an s" factorial
arrangement by a finite point of the associated
m-dimensional projective geometry PG (m, s
constructed from the Galois field GF(s), estab-
lished a (1, 1) correspondence between the s
treatment combinations and the s™ points of
the Euclidean geom:try EG(m, s), which is a
portion of PG(m,s). It has been demonstrated
by Carmichael that the elements of the Abelian
group of order s™ and type (1, 1, ......... , 1)
arford concrete representations of the EG(m,s).
Thus, the correspondence of the s™ factorial
design to the Abelian group of order s" and
type (1, 1, ....... , 1) follows.

The {ireatment combinations

"torial arrangement may be represented by
symbols alclazﬁz c.ay ", where P1s Baee-rs Em
take only the values 0,1, 2,....5— 1. f now

0,1,2,....,5 — 1 are taken to denote the sele-
ments a; = 0,3y, as,. .6 respectively of GF (s),
it would appear that these symbols form an
Abelian group of order s™ and type (1,1 ...,1).
It may be remarked here that there are differ-
ent ways of identifying e¢,,a,,....0.y with the
s — 1 non-zero elements of GF(s) when ex-
~pressed in the standard form. In the case
n =1, i.e. when s is a prime number p, the
identification we adopt is to take «; equal to
the residue class (i), modulo p. In the case
when n > 1, i.e. when s is a power of a prime
higher than the first, we take «; equal to the
residue class modulo f(x) of the polynomial
.xi~1, where f(x) is a specified minimum func-
tion and the class with standard representative
x is a-primitive element of GF(s). The Abe-
lian group of main effects and interactions,

In such cases, even a single replica- -
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which is isomorphic to the group of treatment
combinations. is then represented by the sym-
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treatment group will be detined to he orthogo-
nal it = g; B 0 in GF(s). Similarly, two
X Fr o B B i re
elements a, ~ a. C@y o and Ay Ay
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An " .the first of the treatment group and the
second of the cffect group, will bhe twermed
orthogonal if X F; g 0 in GF)L 1t would
appear thatif a treatment subgroup of order
sk ig selected, the complete orthogonal effect
subgroup is of order sk,

The correspondence  between  cffect  sub-
groups and parallel pencils of  (Ono- 1)-flats

representing main effeels and interactions fol-
lows readily from Bose and Kishen's theory.
Thus, the pencilx, - o G0, 1,..... 8 1) of's
parallel finite (m 1-{lats representing the s~1
degrees of {reedom for the main elteet Ay cor-
rsponds to the offect subgroup I\, A0 L L.
A0 of order s, and the complete orthogonal
treatment subgroup of order &% 'ig ;.;;ivc:u hy
the "' treatment combinations corresponding
to the s""! finite points lying on vy, 0.

In general, the s = 1 degrees of ‘freedom for
the k-fgmctor interaction among the i-th, i, th,..
..and i~th factors represented by the pt:}u-il
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where tj, (@ -1,-v..s=15 p 2,.. .., k) stands for
the product of these two numbers in GF (8)
The complete orthogonal treatment ::nhprufxpﬂ
of o_rdcr s"=!is given by the treatment cdmbi---
nations corresponding to the s ' {inite points
lying on the (m —1)-flat ay, i «a;, 2, | ‘
Fag, Lip '10- leé?g tO Ju, o -k the values 1, 2,
..., 31, werobtain all the (s 1)} ! pencils
corresponding to the k-faclor int«.‘r!ut?i(c;xl:
T];xere are, tnerezgolg'e, (s 1)t clrwtsubgruups
of order s conlaining only the symbols AQ:,
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th{,,-(- - ,Dfl\;(,i, but no others, whi.h correspond to
the (s~ 1)® degrees of {reedom for »terac-
on A At el or the mterac
It would appear from the ubov

‘ ) K ¢ that each
(gn—«Z)—jﬂat in the (m— 1)-flat at inﬁnity is
fc e vertex of a parallel pencil of s (m — 1)~
flats, which corresponds to an effect subgroup
of order:s. It is, therefore, appropriate to speak
of an effect subgroup of order s as correspond-
ing to an (m —2)-flat at infinity., In general,
an effect subgroup of order s* would corres-
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