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A NOTE ON HOTELLING’S T

IN a previous note! on the generalized variance
of a multivariate population it has been point-
ed out that the generalized variance

a'u Tpaceccoveeanronennsess Qyin
PV 70 DU Qg
............................ r
Qg Ty ovvevvnoareransnay Aun
usually represented by | aij | is equal to
9
S Sy S2gae e S2, 19wty

1 X - "
where ay =5 I (L0 — %) ()0 — &), and

2, 12n 1§ the residual variance of x, of the
sample expressed as alinear function of x, Xy,
Xygyoor Ly * X1y Lyyo o - Ly ATE the variates of the
population whose means are my, My. .- My and
N is the size of the sample, Ty, Za,... . XTnare the
sample means of the n variates.

This result can be proved by using ‘the re-
lation (given by Yule and Kendall).2
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n, and multiplying them.

for n=1, 2 .....
Hotelling’s® T* is defined by the relation
T _ lesl
N-—1 [ (15} | !

where €i; = Uy + (ii‘mi) (i‘, - m;) .
Like | as; |, | eyl also can be shown to be
equal to .
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The b’s are the partial regression coefficients of

ZaON Ly, Taeeennnnnns Zn— 0f the sample.
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By finding the kth moment of '[Z’; Wilks*
i
has showa that the distribution of ¥ = :2‘“ Il
i
is given by
Y (1-%Y) dy
I N-n I n
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with a range from 0 to 1. -
We will now get the distribution of
Z‘]Zu) .......... Znn
where
Z = ’ S2r.12---r.._1>__. o
829 . =y T [(&r—=mMy) = Brrager— (E1—my) —
Borageer-1 (s —=Ma) « - Brtortaer—2 (Lpy """”’Lr—l)]2
The p’s are the population values of the par-.
tial regression coefficients.
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N (% —mp)—Birogeer—1 (B1—M1) ... —Bregraap.roz (&rg—m,q)]?
Y= 0'22"12- =1
are given by can be considered to be equal to
N—r—2

K, Exp.—X,X, 2 dX;and
CrExp.~ Y, Y, 5 dY,.
02,12 r Stands for the residual variance of the
population corresponding to S*r 12 .1 .

Now X, Xayeeernn X, and Yy, Yy... --Ypare
independent of one another and hence the kth
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Using the integral
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it can be shown that the kth moment of i—l-}%f-ﬂ
is equal to
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Similarly the moments of GIY Rt T
can be calculated and the product of these

moments is
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It is obvious that the kth moment of —l—%
i

Hence the distribu-

isthe same as Z; Z,....Z,.
tions also are the same.,

It is now worth while to examine the exact

difference between %—%— andZ; Z, . Z,.
ij .

We have already seen that
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It is obvious that the difference belween
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S”s are calculated on the basis of sample
regression coefficients, S”’s are based on the
regression coefficients of the population.

The distribution of either T* or Z, Z....Z,
can be used to test whether two samples be-
long to one and the same multivariate popula-
tion. If the sizes of the samples are N, and N,,

and Zy Z;.. . .Z, lies in the fact that while

2
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Here S%.1p....r0y is the pooled estimate of
the variances within the two samples together
and %" and %’ are the means of the samples.
The distribution of Y in this case is obtzginqd
by substituting N, +-N,— 1 for N in the distri-
bution given by Wilks.

Zr =
Szr'lz- Pl +

If two samples belong to populations with
different means and the same wvariances and
covariances, it can be shown that the valucs
corresponding to Z, Z, .... Z, discussed abcy
is given by a similar expression

Z1'Z~), .......... Zn’,
where
Y = .S relf ey,
i NN = ¢ ’
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The distribution of this quantity is identical
with that of Z, Z, ..... Zn. It can be shown
that a relation similar to that between T2 and

1Zo ... I, ‘exists between Bose and Roy’sh
D--statistic when A0 and Z,'Z) ...Z.', with
the difference that the distribution of Z,'2, ...
Z, is far simpler than that of the D2-stat-
istic.

It may, further, be pointed out that the
distribution of D2 involves AZ2. Z,/2) ..... Z,
can be calculated if all the quantities neces-
sary for calculating 42 are known and ‘hence
it is immaterial whether we use D-=-gtatistic
or Z,/Zy ...Z,'. But as the distribution of
the latter expresssion is .simpler and can be
had from the existing tables, the probability
of observed differences between the means of
two samples from two populations with given

e ﬁr e 18eep-g
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dif’ferenges between their means for the differ-
ent variates can be casily obtained.

Imperial Agric. Res. Institute,

New Delhi, P. V. KrISHNA IYER.
October 3, 1944.
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‘ZERO ORDER’ REACTIONS UNDER
ELECTRIC DISCHARGE

1. As ordinarily formulated the law of Mass
Action implies thermal changes. Its wider
significance is, however, indicated by the fact
that the Mass law expressions hold for the
kinetics of photochemical, especially photo-
catalytic reactions; spontaneous recombination
of opposite ions in gases; radioactive changes
including both consecutive and Wegscheider
type simultaneous reactions; equilibria in the
ionisation of weak electrolytes and of others
at low concentrations; . decrease of the micel~
lar ‘primaries’ as envisaged in Smoluchowski’s
theory of coagulation, etc.! It is now suggest-
ed that the progress of a discharge reaction
may also be considered, under certain condi-
tions, from the standpoint of the Mass law.

2. For a reaction of the nth order, it is
shewn that,

k== %(n""_:—ll—)- { (@ — x)“("'1>1~— a,"-("'-l)} (i)
~(= = (n=1) .
i o (-8 -1 (if)

where the various symbols have their familiar
significance. If now ¢ is such that the corres-
ponding fractional change x/a s small, we can
write to a sufficient approximation,

R OO G {1 F(n—1) . 1y (iii)
tr oy i g - k.t.a (=D (iv)

(iv) may also be obtained directly from the
Mas law expression for the average ve19c1ty
Ax[At ckle-x)'; the simplifying approxima-
tion giving (ili) may then be introduced.
(iv) leads to the familiar method of determin-
ing the ‘order’ of a reaction from observation
of the influence of the initial concentration a
upon time t corresponding to given x/a, and
vice versa. The derivation (i-iv) not found
in the literature, gives a theoretical basis
for this method; its applicability is _11m1’_ced
by conditions implied in the approximation
Jeading to (iii). In actual practice x/a as high
as 0-5 would appear to be pe_rm1ss1b1e. L

3. Putting n=0 in (iv) yields the empi-
rical test for a ‘zero order’ reaction. It is that
for a given t, x/a increases directly as, or what
i the same thing, that the absolute rate of
change is independent of, a. These reactions
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occur almost entirely on either the walls of the
reaction vessel or/and on a catalyst surface;2
loss in this amount of the reactant material
during reaction is made good by adsorption
from the homogeneous phase.? Changes in the
concentration of the latter will not affect sen-
sibly the amount adsorbed and, therefore, the
corresponding nett rate of the reaction.?

The frequent occurrence under electrical
discharge of the ‘clean up’ and allied pheno-
mena suggest that the type of effects leading
to consequences as inditated above might well
obtain in discharge reactions. It is instructive
here to cite certain results on the newly ob-
served light-effect,1.6:34.7 9iz, Ai an instanta-
neous and reversible change on exposure to an
external radiation of the discharge current i.
It is found that Ai varies appreciably due to
‘ageing’ under the discharge,1.3# and, that its
time-rate depends markedly on the nature of
any pré-treatment to which the discharge tube
was subjected.l By giving appropriate coats
on the container walls, it has been possible
not only to alter very markedly the magni-
tude but the sign of the light-effectl These
results point to a variable adsorption-like
layer as an important determinant of the
phenomenon.!" The subsequent observation of
a periodic effectl:# in the nitrous oxide, hydro-
gen interaction under discharge showing not
only a rhythmic variation of the rate of change
but (during certain stages) of its direction is
casily explicable, on the assumption of an
intermittent formation and break up of a
layer on the electrodes, producing a variation
of the surface gradient, of the ‘threshold
potential’ V,, 16,75 and, therefore, of the cor-
responding electrical quantities during the re-
action as observed.l.6.%.5 It follows, therefore,
that (a¢) a large surface :volume ratio as in an
ozoniser type discharge tubs would favour the
occurrence of such a periodic effect and that
(b) this surface action leading to ‘zero order’
changes need not necessarily be confined to
ordinary adsorption, wiz.,, that produced in
absence of an external electrical field. Work
is In progress to investigate the limits of the
validity of (a); (b) is to be anticipated from
general considerations of the discharge pheno-
mena. ' '

4. Alternatively to, or what.is more likely,
simultaneously with the mechanism considered
in para 3, the change may be caused photo-
chemically by the internal radiation produced
in the reaction space under discharge. It is
considered that adsorption as in para 3 of the
reactant material and its activation in the dis-
charge increases its optical absorption. This
last towards the internal radiation may be
total or feeble; the order of the correspond-
ing change, therefore, would be zero or one
respectively.

Department of Chemistry,
Benares Hindu University,
February 9, 1945.
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